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Abstract. We classify 3-dimensional semi-stable representations of Gq^ with 
coefficients and regular Hodge-Tate weights, by determining the isomorphism 
classes of admissible filtered (</>, A'^)-modules of Hodge type (0, r, s) with < 
r < s. 



1. Introduction 

Let p be a prime number, and write Gq^ for the Galois group Gal(Qp/Qp). 
In this paper, we classify 3-dimensional semi-stable representations of Gq with 
coefficients and with regular Hodge-Tate weights. By a theorem of Colmcz and 
Fontaine [6] , this is equivalent to determining the isomorphism classes of admissible 
filtered (0, A^)-modules with Hodge type (0, r, s) with < r < s, and that is what 
we do. 

Let us explain our motivation for doing this. This work is the first part of the 
author's Ph.D. thesis in which we construct deformation spaces whose character- 
istic closed points are the semi-stable lifts with Hodge-Tate weights (0,1,2) of 
a fixed irreducible representation p : Gq^ — > GL3(Fp). The existence of these de- 
formation spaces was proved by Kisin [11], and their geometry plays an essential 
role in the Taylor- Wiles-Kisin method [16, 15, 13] for proving the modularity of 
Galois representations. In particular, the special fibers of these deformation spaces 
are described by a conjecture of Breuil-Mezard [2] as well as a refinement of this 
conjecture due to Emerton-Gee [7]. The GL2(Qp) case of the Breuil-Mezard con- 
jecture is a theorem of Kisin [12], and implies the Fontaine-Mazur conjecture for 
GL2(Q). 

Our goal is to address certain special cases of the Breuil-Mezard conjecture for 
GL3(Qp) — namely, the semi-stable case with Hodge-Tate weights (0,1,2), with 
irreducible p — following the method of [14]. The plan, roughly speaking, is to 
classify lattices in semi-stable representations p : Gq^ GL3(Qp) with Hodge- 
Tate weights (0,1,2), by classifying the corresponding strongly divisible modules 
[1] (these are certain integral structures closely related to filtered (0, A^)-modules). 
The first step is to classify the semi-stable representations p with these Hodge-Tate 
weights, and that is what is done in this paper. In fact, since it will add relatively 
little extra work, we consider the case of distinct Hodge-Tate weights < r < s, 
rather than simply the case (0, 1, 2). 

We find 49 families of admissible filtered ((/>, iV)-modulcs of dimension 3 for gen- 
eral r and s with < r < s. Among them, there are 26 families with = (i.e., 
the crystalline case; see Subsection 2.7), there are 20 families with rankiV = 1 (see 
Subsection 3.6), and there are 3 families with rank = 2 (see Subsection 4.2). This 
is in contrast to the GL2 setting, where there are only three families with N = 
and one with rank TV — 1. We also determine which of these admissible filtered 
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((/), iV)-niodules correspond to irreducible representations; in fact, we determine all 
submodules of these admissible filtered (0, A^)-modules. 

We note the following mild hypothesis. Let E/Qp be a finite extension. What 
we actually do is classify the admissible filtered (</>, iV)-modulcs with £'-cocfficicnts, 
corresponding to representations p : Gq^ — )■ GL3(ii'), under the hypothesis that the 
Jordan form of the Frobcnius map (j) is defined over E. Since the correspondence 
between Galois representations and filtered (0, A^)-modules is compatible with ex- 
tension of coefficients, this assumption is harmless. 

Dousmanis [5] has independently treated the case of 3-dimensional Frobenius- 
semisimple semi-stable representations oIGk with K/Qp unramified. Related prob- 
lems in the case of 2-dimensional representations have been treated in several arti- 
cles. Savitt [14] classifies the potentially crystalline 2-dimcnsional representations 
of Gq with tamely ramified Galois type. This is extended to all potentially semi- 
stable representations of Gq by Ghatc and Mczard [10] at least in the case when 
p is odd, and to potentially semi-stable representations of Gk for K/Qp finite by 
Dousmanis [4]. 

This paper is organized as follows. In the remainder of the introduction we give 
a brief review of p-adic Hodge theory, and introduce notation that will be used 
throughout the paper. In Section 2, we collect the admissible filtered (/)-modules for 
each Jordan form of </>, and list the isomorphism classes with iV = in Subsection 
2.7. In Section 3, we first find the possible types of 4> satisfying Ncf) = pcfiN under 
the assumption that N has rank 1. We then collect the admissible filtered {<j>,N)- 
modulcs for each type of 0, and list the isomorphism classes with rank = 1 in 
Subsection 3.6. The case rank TV = 2 is treated in Section 4, following the same 
method as in Section 3. There is only one type of (j) satisfying Ncj) ~ p(j}N in this 
case and wc list the isomorphism classes with rankiV = 2 in Subsection 4.2. 

1.1. Review of filtered ((/), A^)-modules. Let K and E be finite extensions of Qp 
inside and the maximal absolutely unramified subcxtcnsion of K. We write 
a for the absolute Frobcnius element on Kq^ and Gk = Gal(Qp/-ftr) for the absolute 
Galois group of K. Fix a uniformizer ttk for K, thereby fixing the inclusion 

K ®Ka Bst ^ BdR, 

where Bgt , BdR are rings of p-adic periods defined in [8] . Let Vp be a valuation on 

% with Vp{p) = 1. 

A filtered ((p, N) -module (strictly speaking, a filtered {(p, N, K, E)-modu\e) of 
rank d is a free {KQ(E)qj,E)-modulc D of rank d together with a triple {<f>, N, {FiV DK}i£z) 
where 

• the Frobenius map is a (T-scmilinear and i?-linear automorphism, 

• the monodromy operator iV is a (nilpotent) Kq (8)q iJ-linear endomorphism 
such that N(f) = p(t>N , and 

• the Hodge filtration {¥iT Dx^iez is a decreasing filtration on Dk K®Ka 
D such that a [K i!;)-module YiYDk is Dk if i <C and if i > 0. 

A filtered (p-module is a filtered (0, Af)-module with trivial monodromy operator . 
A morphism of filtered ((j), N) -modules 

ly-D^ (0,iV, {FiVDKhe^) ~^ D' ^ {c^\N\ {Firi?^},^^) 
is a (i^o ®Qp i?)-module homomorphism such that 

• (j)' o rj — rj o (p^ 
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• N' o If = rj o N , and 

• the induced map rjx ■ Dk D'k satisfies 77^ (FirZ?j<-) C rjK (FiV D'j^) for 
each i e Z. 

The Hodge-Tate weights of a filtered {(j>, A^)-niodule D are the integers r such that 
FirDK ^ Fir"*" Dk, each counted with multiplicity 

dim£;(Firi:)jc/Fir+^£i/f). 

If the rank of D over Kq (E)q E is d, then there are precisely d-[K : Qp] Hodge-Tate 
weights, with multiplicity. If iiT = Qp and the Hodge-Tate weights are ri < ■ ■ ■ < 
rd, we say that the filtered (0, A^)-module D is of Hodge type (ri, r^). When 
the Hodge-Tate weights of D are distinct, we say that D is regular (or that it has 
regular Hodge-Tate weights). 

If D is a filtered ((/>, iV)-module of dimension n as a iiTo-vector space, then we 
give ®^^^D the structure of a filtered (</>, iV)-module by setting 

• = «)"(^, 

• N^N®l®---®l + l®N®l®---®l^ Vl®---®l®N, and 

• Fir(/^ ®K, {®\P)) = ViV'Dk ®k-®k VyY-Dk. 

ii+i2-\ Hn=i 

Taking the image structure on f\K^D makes f\K^D into a filtered (0, A^)-module as 
well. Since dimif^ D = 1, we define 

max{» e Z I FiP(j^ ®k„ {/\l,D)) 7^ 0} ,^ , ^, Vp{<P{x)/x) 
'"^""^ = ^TqJ "^^^ = [E : Qp] 

for a nonzero element a; in A^^D. (Our definitions of the Hodge invariant tn and 
Newton invariant t jv are normalized differently from those in [6] because we divide 
by [E : Qp], but of course will still give the same notion of admissibility below.) 

A {Kq (g)Q i?)-submodule D' of a filtered (0, A^)-module Z? is a filtered {(j),N)- 
submodule if it is invariant and iV- invariant, in which case D' has a Frobenius 
map (/)|d', a monodromy operator N\di, and the filtration FiP_D^ ~ FiPDjf fl-D^. 
A filtered (0, A^)-module D is said to be admissible if Ih{D) = tjv(I?), and if 
tifCl?') < tAr(D') for each filtered (</>, iV)-submodule D' of £>. 

Let y be a finite-dimensional i?-vector space equipped with continuous action 
of Gk, and define 

T},t{V) (Est Vf'<. 

Then rank^^^^ Dst(V^) < dim^;!/^. If equality holds, then we say that V is semi- 
stable] in that case DstiV) inherits from Bgt the structure of an admissible filtered 
((/), 7V)-module. (See [8] for details.) We say that V is crystalline if V is semi-stable 
and the monodromy operator TV on Dst{V) is 0. 

If V is semi-stable, then when we refer to the Hodge-Tate weights or the Hodge 
type of V, we mean those of Dst(l^). Our normalizations imply that the cyclotomic 
character e : Gq E^ has Hodge-Tate weight —1. Twisting F by a power e" of 
the cyclotomic character has the effect of shifting all the Hodge-Tate weights of V 
by — n; after a suitable twist, we are therefore free to assume that the lowest weight 
of V is 0. 



1.2. Notation and Terminology. If D is an admissible filtered (cj), N)-module 
with Hodge-Tate weights < ?- < s corresponding to a representation of Gq^ , we 
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will write 

if i < 0; 

it r < I < s] 
if s < i, 

where D = i?(ei, 62, 63) is an vector space with basis ei, 62, 63 and Lj is a sub- 
space of D of dimension j for j = 1,2. We assume that E is large enough so that 
the Jordan form of (/) is well-defined over E. We let [T] be the matrix presentation 
of an cndomorphism T on D with respect to ei, 62, 63 and P^(i?) the iJ-rational 
points in the projective line. In this paper, we say that a representation is non- 
split reducible if it is reducible but indecomposable, and that a representation is 
irreducible means that it is absolutely irreducible. 

1.3. Acknowledgments. The author thanks his advisor, David Savitt, for his 
encouragement, guidance, and numerous helpful comments and suggestions. The 
author also thanks Matthew Emcrton for his helpful comments and suggestions. 

This work was completed while the author was a visiting student at Northwestern 
University during the 2011-12 academic year, and the author is grateful to the 
mathematics department at Northwestern for its hospitality. 

2. Admissible filtered 0-modules 

In this section, we classify the admissible filtered ^-modules of Hodge type 
(0, r, s) for < r < s. At the first six subsections, we collect such modules for 
each Jordan form of 0, and, at the last subsection, we classify them and list the 
isomorphism classes of admissible filtered (/)-modules. 

2.1. The first case of = 0. Assume that has a minimal polynomial of the 
form (a; — A). So = A/, where A G E^ and I is the 3 x 3-identity matrix. By 
admissibility, Wp(A) = It is clear that every subspace in D is 0- invariant. In 
particular, Li is 0-invariant. So, by admissibility, s ~ t^(Li) < tjv(ii) = fp(A). 
But s > Hence, there are no admissible filtered (/)-modules in this case. 

2.2. The second case of A = 0. Assume that (j) has a minimal polynomial of the 
form {x — A)^. So we may assume that (jjci = Aei -I- 62, (t)e2 = Ae2, and (fie^ = Xe^. 
By admissibility, we have 

Lemma 2.1. For a 3 x i-matrix P ~ [Pi.j), P[4>\ ~ W\P o,i^d only if P is a 
matrix with Pi i = ^2,2 o,nd Pi 2 = -Pi. 3 = P3,2 = 0. 



P2,2 


and P] 


a b 




d e 


0- 


S h 




Xa + b 


Xb 


Xd + e 


Ae 


Xg + h 


Ah 



Proof. Let P — [ d e / . Wc compute the matrix products: 



. I / Xa Xb Ac 

P[(j)] ~ Ad + e Ae A/ aud [0] P = a + Ad 6 + Ae c + Xf 

\ Xg + h Xh Xi J \ Xg Xh Xi 

By comparing the entries wc get the result. □ 

Lemma 2.2. (1) Every l-dimensional subspace in E{c2, C3) is the only (j)-invariant 
subspace of dimension 1 . 
(2) A two dimensional subspace of E (61,62,63) is (jj-invariant if and only if it 
contains 62- 
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Proof. The case (1) is clear since the (/)-iiivariant subspaces of dimension 1 are the 
eigenspaces. Let D2 be a 0-invariant subspace of dimension 2. If 62 ^ D2, then there 
exists an element ei +662 + 063 in D2. Then 0(ei +662 + 663) = A(6i +662 + C63) + 62, 
and so 62 S D2, which is a contradiction. The converse is clear. □ 

We start to collect the admissible filtered 0-modules in this case. 

2.2.1. Assume first that Li is (/)-invariant. Then, by admissibility, s — t/f (Li) < 
tAr(Li) = Vp{\), which contradicts to Wp(A) = 

2.2.2. If L2 is 0-invariant, then, by admissibility, r + s — tH{L2) < tjv(i2) = 
2vp{X), which contradicts to Vp{X) = 

2.2.3. Finally, assume that neither Li nor L2 are 0- invariant. We let Di, D2 be 
0- invariant subspaces of dimension 1 and of dimension 2, respectively. Then, by 
admissibility, for Di with Di C L2 r = t/f(£'i) < tAr(£'i) = Vp{X){s > 2r), for 
Di with Di L2 ^ tniDi) < tAr(Di) = Up(A), for D2 with D2 n L2 = Li 
s = tH{D2) < tjv(-D2) = 2up(A)(s < 2r), and for 1)2 with Li <^ D2 r = tH{D2) < 
^n{D2) = 2fp(A). So admissible filtered 0-modulcs occur in this case if and only if 
s = 2r, and the corresponding representations are decomposable with submodules 
L2 n E{e2, 63) and D2 with Li C r'2- 

2.3. The third case of = 0. Assume that has a minimal polynomial of the 
form [x — A)'^. So we may assume that (j)ei = Aei + 62, 062 — A62 + 63, and 
063 ~ A 63. By admissibility, we have 

Lemma 2.3. For a 3 x 3-matrix P = [Pi.j), P[4>\ = W\P */ '"^'^ o'^^J/ if P is a 
lower triangle matrix with Pi^i ~ P2.2 = P3.3 and P2.1 ~ P3.2- 

Proof. Let P be as in the proof of Lemma 2.1. We compute the matrix products: 

/ \a + b Xb + c \c \ f \a Xb Ac \ 

PUl = Ad+e Ae+/ Xf aud [01 P = a + Xd b + Xe c + Xf . 

\ Xg + h Xh + i Xi J \ d + Xg e + Xh f + Xi J 

By comparing the entries we get the result. □ 

Lemma 2.4. i?e3 and E{c2,C3) are the only nontrivial and proper (p-invariant 
subspaces. 

Proof. The vector subspaces listed above are obviously 0-invariant. Obviously Ee^ 
is the only 0- invariant subspace of dimension 1. Let D2 be a 0-invariant subspace 
of dimension 2 with D2 7^ E{e2, 63). Then there exists an element 61 + 662 + C63 
in D, and (j){ei + 662 + C63) = A(6i + 662 + C63) + 62 + 663. So 62 + 663 S D2, 
and 0(62 + 663) = A(62 + 663) + 63. Hence, 63 G D2, i.e., D2 has three linearly 
independent vectors, which is contradiction. □ 

We start to collect the admissible filtered 0-modulcs in this case. 

2.3.1. Assume first that Li = Ee^. Then, by admissibility, s = 1^(^63) < 
tNiEes) = Vp{X), which contradicts to Vp{X) = 

2.3.2. If L2 = E{e2, 63), then, by admissibility, r+s = tH{E{e2, 63)) < tAr(i?(62, 63)) = 
2vp{X), which contradicts to Vp{X) = 
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2.3.3. Assume that neither Li nor L2 are ^-invariant and 63 G ^2- Then L2 H 
E{e2, 63) = Eez and Li ^ i?(e2, 63). By admissibility, r ~ tniEes) < tNiEes) = 
Vp{X) (s > 2r) and r = tjy (i?(e2, 63)) < tN{E{e2, 63)) = 2vp{X). So admissible 
filtered t/)-modules occur in this case if and only if s > 2r. The corresponding 
representations arc non-split reducible with submodulc £^63 if s = 2r and irreducible 
if s > 2r. 

2.3.4. Assume that neither Li nor L2 are 0-invariant and Li C E{e2, £3). Then 
L2r\E{e2, 63) = Li and 63 ^ £2- By admissibility, = tniEes) < tNiEes) = Vp{X) 
and s = t/f (i?(e2, 63)) < tN{E{e2, 63)) = 2vp{X) (s < 2r). So admissible filtered (/>- 
modules occur in this case if and only if s < 2r. The corresponding representations 
are non-split reducible with submodule E{e2, 63) if s = 2r and irreducible if s < 2r. 

2.3.5. Assume that neither Li nor L2 are 0-invariant, 63 ^ L2, and Li {Z^ E{e2, 63). 
By admissibility, = tHiEe^) < tNiEes) = ^^pCA) and r — t//(i?(e2, 63)) < 
tN{E{e2, 63)) = 2wp(A). So admissible filtered c/)-modules always occur in this case 
and the corresponding representations are irreducible. 

2.4. The fourth case of TV = 0. Assume that cj) has a minimal polynomial of the 
form (x — X){x — A3) and a characteristic polynomial of the form {x — A)^(x — A3) 
with A ^ A3. So we may assume that cjiei ~ Aei, (f>e2 = Xe2, and ^63 = A3e3. By 
admissibility, we have 

2tip(A) + VpiXs) = r + s. 

Lemma 2.5. For a 3 x 3-matrix P ~ {Pi,j), P[4'] ~ [0]^ */ o^nd only if P is a 
matrix with Pi. 3 = P2,3 = P3.1 = ^3,2 = 0. 

Proof. Let P be as in the proof of Lemma 2.1. We compute the matrix products: 

/ Xa Xb A3C \ / Xa Xb Ac \ 

P[(j)] = Ad Ae A3/ and [(j)]P = Ad Ae A/ 

y Ag Xh Xsi J ^ Xgg X^h Xgi J 

By comparing the entries we get the result. □ 

Lemma 2.6. (1) Every 1- dimensional subspace of E (61,62) and Ee^ are the 
only 4>-invariant subspaces of dimension 1 . 
(2) For any (a, 6) £ E"^ \ {(0,0)} E{aei + 6e2,e3) and E{ei,e2) are the only 
(j}-invariant subspaces of dimension 2. 

Proof. The vector subspaces listed above arc obviously 0-invariant. The case (1) is 
clear since every (/)-invariant subspace of dimension 1 is the eigenspaces. Let D2 be 
a ^-invariant subspace of dimension 2. For the case (2), assume that 63 ^ D2 and 
D2 ^ E{ei, 62). Then aei -I- be2 + ez & D2, and (j){aei + be2 + 63) = A(aei + be2 + 
63) + (A3 — A) 63. Hence, 63 e D2, which is contradiction. □ 

We start to collect the admissible filtered 0-modules in this case. 

2.4.1. Assume first that Li = Ees. Then L2 is ^-invariant. So, by admissibility, 

r + s = tH{L2) < tw(P2) = Vp{X) + Vp{X3,) and r = t//(P(ei, 62)) < tjv(£^(ei, £2)) = 
2i;p(A); which contradicts to 2vp{X) + Vp{Xz) = r + s. 

2.4.2. Assume that Li C P(ei, 62). Then Pi is 0- invariant. So, by admissibility, 
s = tniLi) < tAr(Li) = Vp{X) and < 1^(^63) < tAr(Pe3) = ■i;p(A3), which 
contradicts to 2z;p(A) + Wp(A3) ~ r + s. 
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2.4.3. Assume that Li is not 0-invariant, but L2 is. Then L2 ^ E{ei, 62). So, 
by admissibility, r + s = tH[L2) < tAr(L2) = Wp(A) + Vp{X3) and r = t/f(L2 fl 
i?(ei, 62)) < t7v(L2n£'(ei, 62)) = Vp{^), which contradicts to 2vp{X)+Vp{X3) = r+s. 

2.4.4. Assume finally that neither Li nor L2 arc 0- invariant. Then Li ^ E(ei, 62) 
and 63 ^ L2. Let Di,D2 be (/)-invariant subspaces of dimension 1 and of di- 
mension 2, respectively. By admissibility, = tniEe^) < tN{Ee3) = ^^(Aa), 
r = tff(i;(ei, 62)) < tNiE{ei, 62)) = 2z;p(A), for Di with Di C L2 r = tH(i:>i) < 
t^rpi) = ?;p(A), for Di with Di ^ L2 and Di ^ £;e3 = tH(£)i) < tAr(i:>i) = 
Vp{X), for D2 with Li d D2 s ~ tH{D2) < tN{D2) = Vp{X) + Vp{X3), for D2 with 
Li ^ D2 and 63 e 1)2 f = tH(£'2) < tAr(L'2) = Wp(A)+i;p(A3). So, for Vp{X) = r and 
'''p(A3) = s — r, we have admissible filtered 0-modules in this case. The submodules 
are L2 ni?(ei, 62) and D2 with Li C -D2- Hence, the corresponding representations 
are decomposable. 

2.5. The fifth case of = 0. Assume that (f> has a minimal polynomial (x — 
A)^(x — A3) with A 7^ A3. So we may assume that (pei = Aei + 62, 062 = Ae2, and 
063 = A3 63. By admissibility, we have 

2i;p(A) + VpiXs) = r + s. 

Lemma 2.7. For a 3 x 3-matrix P = (Pi.j), Piff)] — [0]^ '"^'^ onZj/ if P is a 
lower triangle matrix with Pi.i ~ P2.2 and P3.1 = = P3.2- 

Proof. Let P be as in the proof of Lemma 2.1. Then we compute the matrix 
products: 

/ \a + b \b A3C \ / \a \b \c \ 

P[(/)] = Xd + e Xe Xsf and [0]P = a + Xd b + Xe c + Xf . 

\ Xg -j- h Xh X^i J \ X^g X^i J 

By comparing the entries, we get the result. □ 

Lemma 2.8. Pc2, -Ee3, P(ci,e2), andP(c2,C3) are the only nontrivial and proper 
(j)-invariant subspaces. 

Proof. The vector subspaces listed above are obviously 0- invariant. Obviously 
Ee2,Ee3 are the only 0- invariant subspaces of dimension 1 since they are the 
eigenspaces. Let D2 be a ^-invariant subspace of dimension 2. Assume that D2 
is not a subspace listed above. Then there is an element aei + be2 + 63 S D2 
with a ^ 0, and (/)(aei + 6e2 + 63) = A(a6i + 6e2 + 63) + 062 + (A3 — A)63. Thus 
ae2 + (A3 - A)63 G P'2 and 0(ae2 + (A3 - A)e3) = A(ae2 + (A3 - A)e3) + (A3 - A)^e3. 
Hence, 63 € D2 and so D2 is of dimension 3, which is contradiction. □ 

We start to collect the admissible filtered 0-modules in this case. 

2.5.1. Assume first that Li ~ Ee2. By admissibility, s = tH{Ee2) < tAr(P62) = 
Vp{X) and < tHiEes) < tjv(p63) = Wp(A3), which contradicts to 2vp{X) + Vp{X3) — 
r + s. 

2.5.2. Assume that Li = Ee^ and L2 7^ E{e2, 63). Then 62 ^ L2. By admissi- 
bility, = tHiEe2) < tw(P62) - i;p(A), s = tniEea) < tjv(£^e3) = i'p(A3), r = 
tniEiei, 62)) < tAr(£:(ei, 62)) = 2vp{X), and s = tj^(P(62, 63)) < t7v(£:(e2, 63)) = 
Vp{X) + Vp{X3). So, for Vp{X) = ^ and 'yp(A3) = s, we have admissible filtered 
0-modules. The corresponding representations are decomposable with submodules 
-E'(ei, 62) and £^63. 
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2.5.3. Assume that L2 = £'(62,63). By admissibility, r + s = tH(i?(62, £3)) < 
tAr(£(62, 63)) = Wp(A) + Wp(A3) and r < tH{Ee2) < tN{Ee2) = Vp{\), which contra- 
dicts to 2vp{X) + Vp{X3) ~ r + s. 

2.5.4. AssmTLC that Li is not (/)-invariant and L2 = £(61,62). By admissibihty, 
r = ti/(£e2) < tjv(£e2) = Wp(A), = tjj(£63) < tAr(£e3) = VpiXs), r + s = 
tff(£(ei, 62)) < tAr(£(6i, 62)) = 2up(A), and r = tff(£(62, 63)) < t7v(£;(62, 63)) 
Vp{X) +Vp{X3). So, for Wp(A) = and Wp(A3) — 0, wc have admissible filtered 
0-modules. The corresponding representations are decomposable with submodules 
£(ei, 62) and £63. 

2.5.5. Assume that neither Li nor £2 are (/)-invariant, Li C £(61,62), and 63 e 
£2- Then 62 ^ £2 and, by admissibility, = tH(£62) < tjv(£e2) = Vp{X), r = 
tH{Ee:i) < tAr(£63) = 'yp(A3), s = t^ (£(ei, 62)) < tAr(£(ei, 62)) = 2vp{X), and r = 
tff(£(62, 63)) < tAr(£(e2, 63)) = i;p(A) + i;p(A3). So, for t;p(A) = § and Up(A3) = r, 
we have admissible filtered 0-modules. The submodules are £63 and £(61, 62). So 
the corresponding representations are decomposable. 

2.5.6. Assume that neither £1 nor £2 are (/)-invariant, £1 C E{ei, 62), and 63 
£2. Then 62 ^ £2 and, by admissibility, = t/f(£e2) < t7v(£62) = Wp(A), = 
tff(£e3) < tjv(£e3) = ■!;p(A3), s = tH(£(6i, 62)) < tAr(£(6i, 62)) = 2vp{X), and 
r = tff (£(62, 63)) < tAr(£(62, 63)) = Vp{X) + VpiXa). So, for f < Wp(A) < ^ and 
2?;p(A) + Up(A2) = r + s, we have admissible filtered (/)-modules. The corresponding 
representations are non-split reducible with submodule £(ei, 62) if Vp(X) = |, non- 
split reducible with submodule £63 if Vp{X) = and irreducible if § < VpiX) < 

2 ■ 

2.5.7. Assume that neither £1 nor £2 are (/(-invariant and £1 C £(62, 63). Then 
62, 63 ^ £2 and, by admissibility, ~ t/f (£62) < t7v(£62) = ^'p(A), ~ tniEe^) < 
tAr(£63) = Vpi^Xa), r = t//(£(ei, 62)) < tjv(£(6i, 62)) = 2Dp(A), and s = t//(£(e2, 63)) < 
tAr(£(62, 63)) = Vp{X) + Wp(A3). So, for I < Vp{X) < r and 2up(A) -I- Up(A2) = r + s, 

we have admissible filtered ^-modules. The corresponding representations are non- 
split reducible with submodule £(61,62) if fp(A) = |, non-split reducible with 
submodule £(62, 63) if Wp(A) = r, and irreducible if § < VpiX) < r. 

2.5.8. Assume that neither £1 nor £2 arc 0- invariant, £1 is not contained in 
any 0-invariant subspace, and 62 G £2. Then 63 ^ £2 and, by admissibility, 
r = tH(£62) < tAr(£62) = Vp{X), = tH(£63) < tAr(£63) = iv(A3), r = 
tH(£(6i, 62)) < tAr(£(6i, 62)) ^ 2wp(A), and r = tH(£(62, 63)) < tAr(£(62, 63)) = 
Vp{X) + Wp(A3). So, for r < Vp{X) < ^-j^ and 2t;p(A) -I- Wp(A2) = r -I- s, we have 
admissible filtered (^-modules. The corresponding representations are non-split re- 
ducible with submodule £62 if Vp{X) = r, non-split reducible with submodule £63 
if Vp{X) = ^-i^, and irreducible if r < Wp(A) < 

2.5.9. Assume that neither £1 nor £2 are 0-invariant, £1 is not contained in 
any invariant subspace, and 63 £ £2. Then 62 ^ £2 and, by admissibility, 

= tH(£62) < tjv(£e2) = Vp{X), r = tH(£63) < tAr(£63) = Wp(A3), r = 

t//(£(6i, 62)) < tAr(£(6i, 62)) = 2wp(A), and r = tff(£(62, 63)) < t7v(£(e2, 63)) = 
Vp{X) + Vp^Xs). So, for I < Vp{X) < | and 2?;p(A) -I- Vp{X2) = r + s, we have admis- 
sible filtered ^-modules. The corresponding representations are non-split reducible 
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with subniodule E{ei, 62) if fp(A) = |, non-split reducible with submodule Ee^ if 
Vp{X) = |, and irreducible if § < '^^(A) < |. 

2.5.10. Assume that neither Li nor L2 are 0-invariant, Li is not contained in any 
(/)-invariant subspace, and 62, 63 ^ L2. By admissibility, = tH{Ee2) < iN{Ee2) = 
Wp(A), = tff(i;e3) < tAr(i;e3) = Vp{M), r = tH(-B(ei, 62)) < tAr(£;(ei, 62)) = 
2?;p(A), and r = tH(-B(e2, 63)) < tjv(-B(e2, 63)) = Vp{\) + ^^(Aa). So, for § < 
t^p(A) < ^-y^ and 2vp{\) + Up(A2) = r + s, we have admissible filtered 0-modules. 
The corresponding representations are non-split reducible with submodule E{ei, 62) 
if Up (A) = |, non-split reducible with submodule Ee^ if Vp{X) = and irreducible 

if § < Vp{\) < 

2.6. The sixth case of TV = 0. Assume that (f) has a minimal polynomial of the 
form {x — Xi){x — X2){x — A3) with distinct A^. So we may assume that (jici = Ai ei, 
062 = A2e2, and (fie^ — A3 63. By admissibility, we have 

Wp(Ai) 4- Up(A2) -I- Wp(A3) = r + s. 

Without loss of generality, we assume that 

Vp{Xi) > Vp{X2) > Vp^Xa). 

Lemma 2.9. Let [0] = [Ai,A2,A3] and [(j)'] ~ [X'l, X'2, X'^] be the diagonal matrices. 
Then, for a 3 x 3-matrix P , P[(t)] = [4>']P o,nd only if 

if Ai — X'l, A2 = A2, A3 = A3; 
if Ai = A2, A2 = A3, A3 = A'^; 
if Ai = A3, A2 = A'^, A3 = X'2; 
if Ai = A'l, A2 = A3, A3 = A2; 
if Ai = A3, A2 = A2, A3 = A'^; 
i/ Ai = A2 , A2 = A'j , A3 = A3 . 

Proof. Let P be as in the proof of the Lemma 2.1. Then we compute the matrix 
products: 

Xia A3C \ / A^a X'^b A^c \ 

Aid Aae A3/ and [4>']P = ^'2<^ ^2/ 

Xig A2/1 X^i J \ A33 A'jh Agi / 

By comparing the entries for each case, we get the results. □ 

Lemma 2.10. Eci, Ec2, Ec^, E{ci,e2), E{e2,C3), and E{ci,e3) are the only 
nontrivial and proper <f>-invariant subspaces. 

Proof. The vector subspaces listed above are obviously 0- invariant. For the dimen- 
sion 1, it is clear since every (/)-invariant subspace of dimension 1 is the eigenspace. 
Let D2 be a (/)-invariant subspace of dimension 2 that are not listed above. Then 
there is an element aXi + 6A2 + CA3 in D2 with abc ^ and (j){aXi + 6A2 -I- CA3) = 
Ai(aAi+6A2 + cA3)-|-(A2-Ai)6e2 + (A3-Ai)ce3. So (A2-Ai)6e2-I-(A3-Ai)ce3 e D2 
and (/)((A2 - Ai)6e2 + (A3 - Ai)ce3) = A2((A2 - Ai)6e2 + (A3 - Ai)ce3) + (A3 - A2)(A3 - 
Ai)ce3. Hence, 63 E D2, i.e., D2 is of dimension 3, which is contradiction. □ 
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We start to collect the admissible filtered 0-modules in this case. 

2.6.1. Assume first that Li = Eei and L2 = E{ei,e2)- By admissibility, we 
have s = tniEei) < tNiEei) = Vp{Xi), r = tH{Ee2) < iN{Ee2) = Vp{X2), 
= tniEe^) < tNiEes) = VpiXa), r + s = tH(£:(ei, 63)) < tAr(£;(ei, 63)) = 
VpiXi) +Vp{X2), r = t_f/(£;(e2, 63)) < tAr(£;(e2, 63)) = Vp{X2) + Vp^Xs), and s = 
t//(£;(ei, 63)) < tAr(i;(ei, 63)) = Vp{Xi) + Vp^Xa). So, for ■i;p(Ai) = s, ■i;p(A2) = r, 
and Vp{X3) — 0, we have admissible filtered (/)-modulcs in this case. The corre- 
sponding representations arc obviously decomposable. 

2.6.2. Assume that Li — Eei and L2 = E{ei, 63). By the same argument as above, 
we have Wp(Ai) = s,Vp{X2) = 0,?;p(A3) = r which contradict to the assumption 
Vp{Xi) > Vp{X2) > Up(A3). Similarly, if Li is a ^-invariant subspace other than Eei 
and if L2 is a (/)-invariant subspace, it violates the assumption Up(Ai) > Vp{X2) > 
VpiXs). 

2.6.3. Assume that Li = Eei and L2 is not (/)-invariant. Then 62, 63 ^ L2 and, by 
admissibility, we have s = tniEei) < tN^Eei) = Vp{Xi), = ti/(i?e2) < tjv(£'e2) = 
VpiX2), = tniEes) < tN{Eez) = Vp{Xz)., s = tH(S(ei, 62)) < tjv(S(ei, 62)) = 
Vp{Xi) +Wp(A2), r = ti/(£:(e2, £3)) < tAr(£;(e2, 63)) = Vp{X2) +Vp{Xz), and s = 
tH{E[ei, 63)) < tAr(S(ei, 63)) = Up(Ai) + Wp(A3). So, for s = Vp{Xi) > Vp{X2) > 
VpiX^) > and Vp{X2) + Wp(A3) = r, we have admissible filtered <?!>-modules in this 
case. The corresponding representations are decomposable with submodules Eei 
and E{e2, 63) in this case; moreover, if Vp{X3) = then Ees and E{ei, 63) are also 
submodules. 

2.6.4. Assume that Li = Ee2 and L2 is not (^-invariant. Then ei, 63 L2 and, by 
admissibility, we have = tniEei) < tj\j{Eei) = Wp(Ai), s = tH{Ee2) < tjv(£'e2) = 
VpiX2), = tniEes) < tM[Eez) = Vp{Xz), s = t//(£'(ei, 62)) < iN{E{ei,e2)) = 
Vp{Xi) +Vp{X2), s = t/i-(£'(e2, 63)) < t7v(£^(e2, 63)) = Wp(A2) + Wp(A3), and r = 
tH{E{ei, 63)) < tAr(£:(ei, 63)) = Wp(Ai) + fp(A3). So we get fp(Ai) > fp(A2) > s 
and Wp(A3) > 0, which violates Vp{Xi) + Vp{X2) + fp(A3) = r + s. Hence, there are 
no admissible filtered (^-modules in this case. 

2.6.5. Assume that Li ~ Eey, and L2 is not invariant. Then ei, 62 ^ L2 and, 
by admissibility, we have = iniEei) < tN{Eei) ~ Vp{Xi), = tH(Ee2) < 
tN{Ee2) = Vp{X2), s = tniEes) < tNiEe^) = Vp{X:i), r = tj^(i;(ei, 62)) < 
tAr(£;(ei, 62)) = Up(Ai) + i;p(A2), s = tH(£^(e2, 63)) < tjv(£^(e2, 63)) = Wp(A2) + 
Wp(A3), and s = tH(£'(ei, 63)) < tAr(£:(ei, 63)) = Wp(Ai) + Wp(A3). So we get 
Vp{Xi) > Vp{X2) > Wp(A3) > s, which violates Vp{Xi) + Vp{X2) + Wp(A3) = r + s. 
Hence, there are no admissible filtered 0-modules in this case. 

2.6.6. Assume that Li is not (/)-invariant and L2 = E{ei,e2). By admissibility, 
we have r = t//(i?ei) < tNiEei) = Wp(Ai), r = tH{Ee2) < tN{Ee2) = i'p(A2), 
= tniEe^) < tNiEes) = t.p(A3), r + s = iH{E{ei,e2)) < tAr(£;(ei, 62)) = 
VpiXi) +Wp(A2), r = tH(£^(e2, £3)) < tAr(£'(e2, 63)) = Wp(A2) + Wp(A3), and r = 
tff(£;(ei, 63)) < tjv(£^(ei, 63)) = Wp(Ai) + i'p(A3). So, for Wp(Ai) > Up(A2) > r, 
Vpi^X^) = 0, and Wp(Ai)-|-?;p(A2) = r+s, we have admissible filtered 0-modulcs in this 
case. The corresponding representations are decomposable with submodules Ee^ 
and i?(ei, 62); moreover, if Vp{X2) = r then Ee2 and E{e2, 63) are also submodules. 
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2.6.7. Assume that Li is not ^-invariant and L2 = E(e2, 63). By admissibility, we 
have = tHiEei) < tN{Eei) = Wp(Ai), r = tH{Ee2) < tN{Ee2) = Up(A2), r = 
tHiEes) < tNiEes) = Vp^Xa), r = tH{E{ei, 62)) < t7v(£^(ei, £2)) = Wp(Ai) + Wp(A2), 
r + s = tH{E{e2, 63)) < tAr(£:(e2, 63)) = t;p(A2) + Wp(A3), and r = tH{E{ei, 63)) < 
tAr(i?(ei, 63)) = Wp(Ai) + Wp(A3). So we get Wp(Ai) = 0, and Vp{\2) + Vp{\^) = r + s, 
which violates the assumption i'p(Ai) > Wp(A2) > Wp(A3). 

2.6.8. Assume that Li is not 0-invariant and L2 = E{ei, 63). By admissibility, we 
have r = tniEei) < tN{Eei) = Vp{Xi), = tH{Ee2) < tN{Ee2) = Vp{\2), r = 
tniEe^i) < tNiEes) = Vpl^Xs), r = t^ (£'(ei, 62)) < tN{E{ei, 62)) = Wp(Ai) + ?;p(A2), 
r = t^f (£^(62, 63)) < tAr(£'(e2, 63)) = Wp(A2) + Wp(A3), and r + s = tH{E{ei, 63)) < 
tAr(i?(ei, 63)) = Wp(Ai) + Vp{X3). So we get z;p(A2) = 0, i;p(A3) > r, and Vp{Xi) + 
VpiXs) = r + s, which violates the assumption Wp(Ai) > ?;p(A2) > t'p(A3). 

2.6.9. Assume that neither Li nor L2 are 0-invariant, Li C E{ei, 62), and 63 G L2. 
Then ei, 62 ^ £2 and, by admissibility, we have = tniEei) < tN{Eei) = Wp(Ai), 
= tH{Ee2) < tN{Ee2) Vp{X2), r = tniEes) < tNiEes) = VpiX^), s = 
tH{E{ei, 62)) < tAr(£:(ei, 62)) = Wp(Ai)+Up(A2), r t//(£;(e2, 63)) < tjv(£^(e2, £3)) = 
VpiX2) + VpiXs), and r = t/f (£:(ei, 63)) < tAr(£;(ei, 63)) = fp(Ai) + Wp(A3). So, for 
^p(Ai) > Vp{X2) > fp(A3) = r, Wp(Ai) + fp(A2) = s, and s > 2r, we have admissi- 
ble filtered ^-modules. The corresponding representations are decomposable with 
submodules Ee^, and E{ei, 62). 

2.6.10. Assume that neither Li nor L2 are 0-invariant, Li C E(ei,e2), and 
63 ^ ^2- Then 61,62 ^ ^2 and, by admissibility, we have = tniEei) < 
tN{Eei) = i>p(Ai), = tH{Ee2) < tN{Ee2) = WpCAa), = tniEes) < tNiEes) = 
VpiXa), s = tH{E{ei, 62)) < tAr(£:(ei, 62)) = Wp(Ai) + Vp{X2), r ^ tH{E{e2, 63)) < 
tAr(£'(62, 63)) = Wp(A2) + Up(A3), and r = tH{E{ei, 63)) < tN{E{ei, 63)) = i)p(Ai) + 
Wp(A3). So, for s > Vp{Xi) > Vp{X2) > Wp(A3) > 0, VpiXa) < r, and Wp(Ai) -|-i;p(A2) + 
^^p(A3) = r + s, we have admissible filtered ^-modules. The submodules are Ee^ if 
'''p(A3) = 0, E{ei, 62) if ■i;p(A3) = r, and i?(62, 63) if i'p(Ai) = s. Hence, we have the 
irreducible admissible filtered ^-modules if s > fp(Ai) > Wp(A2) > Vp{X3) > and 
'^p(A3) < r. 

2.6.11. Assume that neither Li nor L2 are (^-invariant, Li C E(e2, 63), and 
ei e L2- Then 62, 63 ^ L2 and, by admissibility, we have r = tniEei) < 
tN{Eei) = Vp{Xi), = tH{Ee2) < tjv(-Be2) = Vp{X2), = tniEes) < tNiEes) = 
VpiXa), r = t^r(i;(ei, 62)) < tAr(£;(6i, 62)) = Wp(Ai) + Up(A2), s = tH{E{e2, 63)) < 
tjv(£;(e2, 63)) = Wp(A2) + Wp(A3), and r = tH(£'(6i, 63)) < iN{E{ei, 63)) = Wp(Ai) + 
Wp(A3). So, for r = Vp{Xi) > Vp{X2) > Up(A3), Vp{X2) + Vp^Xs) = s, and s < 2r, we 
have admissible filtered (/)-modules. The corresponding representations are decom- 
posable with submodules £^61 and E{e2, 63). 

2.6.12. Assume that neither Li nor L2 are 0- invariant, Li C E{e2, 63), and 
ei ^ £2. Then 62,63 ^ L2 and, by admissibility, we have ~ tniEei) < 
iN{Eei) = Vp{Xi), = tH{Ee2) < tN{Ee2) = fp(A2), = tniEe^i) < tw(£63) = 
VpiXs), r = tH{E{ei, 62)) < t7v(£'(6i, 62)) Wp(Ai) + Wp(A2), s = tH{E{e2, 63)) < 
tjv(-E(62, 63)) = Wp(A2) + Wp(A3), and r = tniEiei, 63)) < tjv(£(ei, 63)) Vp{Xi) + 
Vpi^Xs). So, for r > i;p(Ai) > Wp(A2) > Wp(A3), Wp(Ai) -I- Wp(A2) -|- t'p(A3) = r 4- s, 
and s < 2r, we have admissible filtered (^-modules. The submodules are E{e2, 63) 
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if Wp(Ai) = r. Hence, we have the irreducible admissible filtered ^-modules if 
r > Vp{Xi) > Vp{X2) > Vpi^Xs) and s < 2r — 1. 

2.6.13. Assume that neither Li nor L2 are 0- invariant, Li C E{ei,e3), and 
62 G ^2- Then 61,63 ^ L2 and, by admissibility, we have — tniEei) < 
tNiEei) = Vp{Xi), r = tHiEe2) < tN{Ee2) = ^^(As), = iniEes.) < tNiEe^) 
VpiXs), r = tH(£:(6i, 62)) < t7v(£'(ei, 62)) = Vp{Xi) + Vp{X2), r = tH{E{e2, 63)) < 
tjv(£'(e2, 63)) = Wp(A2) + Wp(A3), and s = t_f/(£'(ei, 63)) < tN{E{ei, 63)) = Vp{Xi) + 
VpiXs). So, for Vp(Ai) > Vp{X2) = r > VpiXs) > and Vp{Xi) + VpiXs) = s, we 
have admissible filtered 0-modules. The submodules are i?62 and E{ei, 63). More- 
over, £'63 and E{e2, 63) are also submodules if Wp(Ai) = s. So the corresponding 
representations are decomposable. 

2.6.14. Assume that neither Li nor L2 are t/f-invariant, Li C E{ei, 63), and 
62 ^ L2- Then ei, 63 ^ L2 and, by admissibility, we have = tu^Eei) < 
tNiEei) = VpiXi), = tniEei) < tNiEez) = ^^^(Aa), = tH(i;e3) < twiEes) = 
Wp(A3), r = t_H-(-B(6i, 62)) < tAr(£'(ei, 62)) = 'yp(Ai) + Vp(A2), r = tff(£'(e2, 63)) < 
tAr(£'(e2, 63)) = Up(A2) + Wp(A3), and s = t_H-(£'(ei, 63)) < tpfiEid, 63)) = Up(Ai) + 
?;p(A3). So, for s > Vp{Xi) > Vp{X2) > VpiXs), Vp{X2) < r, and Wp(Ai) + Wp(A2) + 
^p(A3) — r + s, we have admissible filtered ^-modules. The submodules are 
i;(6i,63) if Up(A2) = r, E{e2,e3) if Wp(Ai) = s, and Ee^, £'(62,63), £(61,63) 
if Wp(A3) — 0. Hence, we have the irreducible admissible filtered (/)-modules if 
s > Up(Ai) > Up(A2) > Wp(A3) and Wp(A2) < r. 

2.6.15. Assume that neither £1 nor £2 arc 0-invariant, £1 is not contained in any 
(^invariant subspace, and 61 £ £2. Then 62, 63 ^ £2 and, by admissibility, we 
have r = tjy(£ei) < tAr(£6i) = Wp(Ai), = tH{Ee2) < iN{Ee2) = i;p(A2), = 
tniEez) < tpfiEea) = Vp^Xs), r = t_H-(£(6i, 62)) < tAr(£(6i, 62)) = Up(Ai) + Wp(A2), 
r = t_H-(£(62, 63)) < tAr(£(62, 63)) = Wp(A2) + Wp(A3), and r = t_H-(£(6i, 63)) < 
t7v(£(6i, 63)) = Wp(Ai) + Up(A3). So, for Up(Ai) > Up(A2) > Vp^Xs) > 0, r < 
Vp{Xi) < s, and Wp(Ai) + Wp(A2) + Wp(A3) = r + s, we have admissible filtered (/)- 
modules. The submodules are £63 if Wp(A3) = 0, £61 if Wp(Ai) r, and £(62, 63) 
if t'p(Ai) ~ s. Hence, we have the irreducible admissible filtered (/)-modules if 
Vp{Xi) > Vp{X2) > Vp{X3) > and r < Up(Ai) < s. 

2.6.16. Assume that neither £1 nor £2 arc ^-invariant, £1 is not contained in any 
(^invariant subspace, and 62 G £2. Then 61,63 5^ £2 and, by admissibility, we 
have = tff(£ei) < t7v(-E6i) = Wp(Ai), r = iH{Ee2) < tN{Ee2) = Wp(A2), 
tH{Eez) < tAr(£e3) = 'yp(A3), r = t_H-(£(6i, 62)) < tAr(£(6i, 62)) = Wp(Ai) + Wp(A2), 
r = t_f/(£(62, 63)) < tAr(£(62, 63)) = i;p(A2) + Wp(A3), and r = t_f/(£(6i, 63)) < 
tAr(£(6i, 63)) = t;p(Ai) + Up(A3). So, for Wp(Ai) > ?;p(A2) > Wp(A3) > 0, r < 'yp(A2), 
and Wp(Ai) + Wp(A2) + 'yp(A3) r + s, we have admissible filtered 0- modules. The 
submodules are £63 if Wp(A3) = 0, £62 if Wp(A2) = r, £(62, 63) if Wp(Ai) = s. Hence, 
we have the irreducible admissible filtered 0-modules if Up(Ai) > Wp(A2) > Vp{X3) > 
and Wp(A2) > r. 

2.6.17. Assume that neither £1 nor £2 are 0-invariant, £1 is not contained in any 
(^-invariant subspace, and 63 G £2. Then ei, 62 ^ £2 and, by admissibility, we 
have = tH(£ei) < tAr(£ei) = i;p(Ai), = iH{Ee2) < iN{Ee2) = Up(A2), r = 

tff(£63) < tAr(£63) = 'yp(A3), r = tff (£(6i, 62)) < tAr(£(6i, 62)) Wp(Ai) + fp(A2), 

r = t_f/(£(62, 63)) < tAr(£(62, 63)) = Wp(A2) + Vp{Xz), and r = t_y(£(ei, 63)) < 
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tN{E{ei, 63)) = Wp(Ai) + VpiXs). So, for Vp{Xi) > Vp{X2) > Vp{X3) > r, Vp{Xi) + 
Vp{X2) + Vp{X3) = r + s, and s > 2r, we have admissible filtered ^-modules. The 
submodulcs are Ee^ if VpiX^) = r. Hence, we have the irreducible admissible filtered 
0- modules if Vp{Xi) > Vp{X2) > VpiX^,) > r and s > 2r + 1. 

2.6.18. Assume that neither Li nor L2 are 0-invariant, Li is not contained in 
any 0- invariant subspace, and 61,62,63 ^ L2- Then, by admissibility, we have 
= tniEei) < iN{Eei) = Vp{Xi)., ^ iH{Ee2) < iN{Ee2) = ^^(As), = 
tff(£^63) < tAr(£;e3) = Vp{Xz), r = t/f(£'(6i, 62)) < tN{E{ei, 62)) = Wp(Ai) + Wp(A2), 
r = tH(£:(62, 63)) < tAr(£:(62, 63)) = Vp{X2) + Vpi^Xa), and r = t_f/(£:(6i, 63)) < 
tAr(i?(6i, 63)) = i;p(Ai) + Up(A3). So, for s > Wp(Ai) > Wp(A2) > VpiXs) > and 
''^p(Ai) + i'p(A2) + fp(A3) = r + s, we have admissible filtered 0-modules. The sub- 
modules are Ee^ if Wp(A3) = and E{e2, 63) if Wp(Ai) = s. Hence, we have the 
irreducible admissible filtered ^-modules if s > Wp(Ai) > i'p(A2) > i'p(A3) > 0. 

2.7. List of the isomorphism classes with iV = 0. In the previous subsections, 
we found all of the admissible filtered 0-modules of Hodge type (0, r, s) for < r < s. 
In this subsection, we classify the isomorphism classes of the admissible filtered (/>- 
modules on D = £^(61, 62, 63). 

The following example arises from 2.2.3. 

Example 2.11. A filtered (/)-module of Hodge type (0, r, s) 

• FiVD = E{ei, 63) and Fil^L* = Eei 

/ A \ 

• [0] = 1 A for A e -B. 

V A / 

• Wp(A) = 4^ and s = 2r. 

Proposition 2.12. (1) -D^ris represents admissible filtered (f)-modules. 

(2) The corresponding representations to -D^ris '^''^ decomposable with submod- 
ules E (61,62) and Ee^. 

(3) Dl^^^{X) is isomorphic to D].^^^{X') if and only if X = A'. 

Proof. From 2.2.3, if we let Li = £^(61+662+663) and £2 = (61+662+663,^62 + 63), 
then, by change of a basis: ei 1-^ ei + (cd — 6)62 — 663, 62 1— > 62, and 63 — fi62 + 63, 
we get Dlj.^g{X). Notice that this change of a basis does not change the matrix 
presentation of </> by Lemma 2.1. So now part (1) and (2) are clear. Part (3) is 
clear, since any isomorphism preserves the eigenvalues of (j). □ 

The following example arises from 2.3.3. 

Example 2.13. A filtered 0-module of Hodge type (0,r, s) 

r)2 _ j~)2 (\\. 

^cris -^crisy'^h 

• FiVD = E{ei, 63) and Fil^L» = £61 

/ A \ 

• [0] = 1 A for A e £. 

V 1 A / 

• Vp{X) = ^ and s > 2r. 

Proposition 2.14. (1) D^j.^^ represents admissible filtered (f)-modules. 



14 



CHOL PARK 



(2) The corresponding representations to I?cris '^''^ 

• non-split reducible with submodule Ees if s = 2r and 

• irreducible if s > 2r. 

(3) D^^jg(A) is isomorphic to Dl^,^^{X') if and only if X = A'. 

Proof. From 2.3.3, if we let Li ~ E(ei + ae2 + be^) and L2 = (ei + ae2 + 663, 63), 
then, by change of a basis: ei t-^> ei — ae2 + (a^ — 6)63, 62 t— >■ 62 — 063, and 63 h->- 63, 
we get Z)^^js(A). Notice that this change of a basis does not change the matrix 
presentation of (j) by Lemma 2.3. So now part (1) and (2) are clear. Part (3) is 
clear, since any isomorphism reserves the eigenvalues of 0. □ 

The following example arises from 2.3.4. 

Example 2.15. A filtered 0-inodule of Hodge type (0,r, s) 

r)3 _ r)3 ( \\. 

^cris -^crisy'^h 

• FiVD = E{ei, 62) and Fil^D = £^62 

/ A \ 

• [(/,]= 1 A for A e i;. 

V 1 A / 

• Vp{X) = 4^ and s < 2r. 

Proposition 2.16. (1) D^^^^ represents admissible filtered (j)-modules. 

(2) The corresponding representations to D^^^^ are 

• non-split reducible with submodule E{c2-,C3) if s = 2r and 

• irreducible if s < 2r. 

(3) -D^^j^(A) is isomorphic to T)^ris{^') */ '^'^'^ ^''^^V */ = 

Proof. From 2.3.4, if we let Li = £'(62 + 063) and £2 = (£2 + 063, 61 + 663), then, by 
change of a basis: ei H> ei — 062 — be^, 62 1-^ 62 — 063, and 63 1— >■ 63, we get D'^^^^{X). 
Notice that this change of a basis does not change the matrix presentation of 
by Lemma 2.3. So now part (1) and (2) are clear. Part (3) is clear, since any 
isomorphism preserves the eigenvalues oi cj). □ 

The following example arises from 2.3.5. 

Example 2.17. A filtered (/)-module of Hodge type (0, r, s) 

^ cris ^ cris^^T ^\ 

• YiVD = £(ei, 62 + £63) and YiY D ^ Eci 

/ A \ 

• [(/)]= 1 A for A e £. 

V 1 A / 

• £ G £ and Vp{X) = 

Proposition 2.18. (1) D^^^^ represents admissible filtered (j)-modules. 

(2) The corresponding representations to £^cris ^''^ irreducible. 

(3) £'^^js(A, £) is isomorphic to D'^^^g{X\ £') if and only if X = X' and £, = £,'. 

Proof. From 2.3.5, if we let £1 = £(6i+a62 + &63) and £2 = (61+062+663, 62 + C63), 
then, by change of a basis: 61 H' 61 — 062 + (a^ — 6)63, 62 t—)- 62 — 063, and 63 63, 
we get £)f^j^(A). Notice that this change of a basis does not change the matrix 
presentation of (p by Lemma 2.3. So now part (1) and (2) are clear. Since any 
isomorphism preserves the filtration and the eigenvalues of cj), Lemma 2.3 implies 
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that an automorphism of -D^ris ^ scalar multiple of the identity map, which 
completes part (3). □ 

The following example arises from 2.4.4. 

Example 2.19. A filtered 0-niodulc of Hodge type (0,r, s) 

• FifD = E{ei + 63, 62) and Fil'D = E{ei + 63) 

/AO \ 

• [0] = A for A 7^ A3 e 

V A3 / 

• Vp{\) = r and ^^(Aa) = s — r. 

Proposition 2.20. (1) -D^ris represents admissible filtered 4>-modules. 

(2) T/ie corresponding representations to -D^ris '^''^ decomposable with submod- 
ules Ee2 and £'(ei,e3). 

(3) D^^js(A, A3) is isomorphic to D^^j,(A', A3) if and only if \ ^ X' and A3 = A3. 

Proof. From 2.4.4, if we let Li = E{aei+be2 + cz) and L2 = (061+662 + 63,061+^62) 
with ad — be 0, then, by change of a basis: a6i + 662 61, C6i + de2 62, and 
63 63, we get £'^^jg(A, A3). Notice that this change of a basis does not change 
the matrix presentation of (p by Lemma 2.5. So now the part (1) and (2) arc clear. 
The part (3) is also clear, since any isomorphism preserves the eigenvalues of 0. □ 

The following example arises from 2.5.2. 

Example 2.21. A filtered (/)-module of Hodge type (0, r, s) 

Dtris = -C'c,.is(A, A3); 

• FiFD = E{ei, 63) and ¥\VD = Ee^ 

/AO \ 

• [0] = 1 A for A ^ A3 e 

V A3 / 

• i'p(A) = I and Wp(A3) = s. 

Proposition 2.22. (1) -D^ris represents admissible filtered (jj-modules. 

(2) The corresponding representations to D^ris '^'"'^ decomposable with submod- 
ules Ecz and E (61,62) ■ 

(3) Z)^^,j^(A, A3) is isomorphic to D^^.^^{\' , A3) if and only if X = X' and A3 = A3. 

Proof. From 2.5.2, if we let Li = Ee^ and L2 ~ (63, ei + 062), then, by change of 
a basis: 61 1—)- 61 — 062, 62 62, and 63 1— >■ 63, we get D^^^g{X, A3). Notice that this 
change of a basis does not change the matrix presentation of (f) by Lemma 2.7. So 
now the part (1) and (2) are clear. The part (3) is also clear, since any isomorphism 
preserves the eigenvalues of 0. □ 

The following example arises from 2.5.4. 

Example 2.23. A filtered (/)-module of Hodge type (0, r, s) 

^Iris — -C)J,.jj(A, A3); 

• FiFD = £;(ei, 62) and FiVD ^ Eei 

/AO \ 

• [0] 1 A for A ^ A3 e 

V A3 / 
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• Vp{X) = ^ and Up(A3) = 0. 

Proposition 2.24. (1) i^^ris represents admissible filtered (p-modules. 

(2) The corresponding representations to i'cris '^'"^ decomposable with submod- 
ules Ee3 and E{ei,e2)- 

(3) Dj^j^(A, A3) ?5 isomorphic to DIj.^^{X' , A3) if and only if X = X' and A3 = A3. 

Proof. From 2.5.4, if wc let Li = E{ei + 062) and L2 — (ei + 062, 62), then, by 
change of a basis: ei 1— > ei — 062, £2 h-;- 62, and 63 H> 63, we get Dj^^g(A, A3). Notice 
that this change of a basis does not change the matrix presentation of 4> by Lemma 
2.7. So now the part (1) and (2) are clear. The part (3) is also clear, since any 
isomorphism preserves the eigenvalues of (/). □ 

The following example arises from 2.5.5. 
Example 2.25. A filtered </)-modulc of Hodge type (0, r, s) 

cris -^cris V^i ^3 y ; 

• FiVD = E{ei, 63) and FiVW = Ee^ 

/AO \ 

• [0] = 1 A for A ^ A3 e 

V A3 / 

• Vp{X) ~ I and t;p(A3) = r. 

Proposition 2.26. (1) -D^^j^ represents admissible filtered (j)-modules. 

(2) The corresponding representations to -D^ris '^'"'^ decomposable with submod- 
ules Ee^ and E{ei,e2)- 

(3) Z)^^,j^(A, A3) is isomorphic to D^^isi^' ^ ^3) if o-nd only if X = X' and A3 = A3. 

Proof. From 2.5.5, if wc let Li = E{ei + 062) and L2 = (ei + ae2, 63), then, by 
change of a basis: ei 1— >■ ei — ae2, 62 i-> 62, and 63 1— 63, wc get D^^j^(A, A3). Notice 
that this change of a basis does not change the matrix presentation of by Lemma 
2.7. So now the part (1) and (2) are clear. The part (3) is also clear, since any 
isomorphism preserves the eigenvalues of (/). □ 

The following example arises from 2.5.6. 
Example 2.27. A filtered 0-niodule of Hodge type (0,r, s) 

cris ^crisy^^ 3)1 

• FiVD = E{ei, 62 + 63) and Fil'D = Eei 

/AO \ 

• [(/)]= 1 A for A 7^ A3 e 

V A3 / 

• f < VpW < ^ and 2vp{X) + VpiXs) = r + s. 

Proposition 2.28. (1) D^^.^^ represents admissible filtered (jj-modules. 

(2) The corresponding representations to D^^^^ are 

• non-split reducible with submodule i?(ci,C2) if Vp{X) — |, 

• non-split reducible with submodule Ec^ if Vp{X) — , o,nd 

• irreducible if ^ < r!p{X) < 

(3) D^^^g(X, A3) is isomorphic to D^^^^{X\ A3) if and only if X ~ X' and A3 = A3. 
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Proof. From 2.5.6, if wc let Li ~ E{ei + 062) and L2 = (ei + ae2, £2 + 063) with 
c ^ 0, then, by change of a basis: ei i— > ei — ae2, 62 62, and cea i— 63. we 
get Z?^^jj(A, A3). Notiee that this change of a basis does not change the matrix 
presentation of (f> by Lemma 2.7. So now the part (1) and (2) are clear. The part 
(3) is also clear, since any isomorphism preserves the eigenvalues of (j). □ 

The following example arises from 2.5.7. 

Example 2.29. A filtered 0-module of Hodge type (0,r, s) 

]~)W _ rjlO (\ \ \. 
cris ^ cr isK^'} }^ 

• FifD = £'(62 + 63, ei) and Fil-'D = E{e2 + £3) 

/AO \ 

• [0] = 1 A for A ^ A3 e E. 

\ A3 / 

• § < — ^'^'^ 2wp(A) + Vp{\^) = r + s. 

Proposition 2.30. (1) -DcHs represents admissible filtered (f)-modules. 

(2) The corresponding representations to U^ris '^''^ 

• non-split reducible with submodule £(61,62) if Vp{X) = |, 

• non-split reducible with submodule £(62,63) if Vp{X) = r, and 

• irreducible if < Vp{X) < r. 

(3) -D;!:°j5(A, A3) is isomorphic to Dl'^^^{X' , A3) if and only if X = X' and A3 = A3. 

Proof. From 2.5.7, if we let £1 = £(e2 + 063) and £2 = (62 + 063, ei + 663) with 
a 7^ 0, then, by change of a basis: ei 1-^ ei + -62, 62 1—^ 62, and 063 1^ 63, we 
get £'^°j^(A, A3). Notice that this change of a basis does not change the matrix 
presentation of by Lemma 2.7. So now the part (1) and (2) are clear. The part 
(3) is also clear, since any isomorphism preserves the eigenvalues of (j). □ 

The following example arises from 2.5.8. 

Example 2.31. A filtered (/)-module of Hodge type (0, r, s) 

^Iris ^Ihsi^^ ^^3); 

• FiVD = £(ei + 63, 62) and Fil"£) = £(ei + 63) 

/AO \ 

• [0] = 1 A for A ^ A3 e £. 

\ A3 / 

• r < Vp{X) < ^ and 2vp{X) + VpiX^) = r + s. 

Proposition 2.32. (1) ^^Hs represents admissible filtered (jj-modules. 

(2) The corresponding representations to D].^^^ are 

• non-split reducible with submodule £62 if Vp{X) = r, 

• non-split reducible with submodule £63 if Vp{X) = , and 

• irreducible if r < Vp{X) < 

(3) D].l^g{X, A3) is isomorphic to Dl^^^{X\ A3) if and only if X = X' and A3 = A3. 

Proof. From 2.5.8, if we let £1 ~ £(ei + ae2 + be^) and £2 = (ei + ae2 + ^163, 62) 
with 6 7^ 0, then, by change of a basis: ei i— > ei — ae2, 62 1— >■ 62, and be^ 1— 63, 
we get £)J^jg(A, A3). Notice that this change of a basis does not change the matrix 
presentation of (/) by Lemma 2.7. So now the part (1) and (2) are clear. The part 
(3) is also clear, since any isomorphism preserves the eigenvalues of (p. □ 
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The following example arises from 2.5.9. 
Example 2.33. A filtered 0-modulc of Hodge type (0,r, s) 

^Iris ~ Dlf.^^{X, A3); 

• FifD = E{ei, eg) and Fil'D = E{ei + eg) 

/AO \ 

• [(/)]= 1 A for A ^ A3 e E. 

V A3 / 

• i < Vp{^) < f and 2vp{X) + VpiXs) ^ r + s. 

Proposition 2.34. (f ) -D^ris represents admissible filtered (f)-modules. 

(2) T/ie corresponding representations to D^^^ are 

• non-split reducible with submodule E{ei,e2) if Vp{X) = |, 

• non-split reducible with submodule Ee^ if Vp{X) = |, and 

• irreducible if < Wp(A) < |. 

(3) Dl^^g{X, A3) zs isomorphic to Dj^j,(A', A3) if and only if X ~ X' and A3 = A3. 

Proof. From 2.5.9, if we let Li ~ E{ei + ae2 + be^) and L2 = (ei + ae2 + be^, 63) 
with 6 7^ 0, then, by change of a basis: ei i—> ei — ae2, 62 1— > £2, and be^ 1— 63, 
we get D]^^^{X, A3). Notice that this change of a basis does not change the matrix 
presentation of by Lemma 2.7. So now the part (1) and (2) are clear. The part 
(3) is also clear, since any isomorphism preserves the eigenvalues of <f>. □ 

The following example arises from 2.5.10. 
Example 2.35. A filtered (/)-module of Hodge type (0, r, s) 

^cris = D\l^g{X, A3, £); 

• FifD = E{ei + 63, 62 + £63) and YiY D = E{ei + 63) 

/AO \ 

• [(/)]= 1 A for A 7^ A3 e 

\ A3 / 

• £ e i < fplA) < and 2wp(A) + Wp(A3) =r + s. 

Proposition 2.36. (1) -D^ris represents admissible filtered (j>-modules. 

(2) T/ie corresponding representations to D^Hs '^''^ 

• non-split reducible with submodule E{ei,e2) if Vp{X) = ^, 

• non-split reducible with submodule Ec^ if Vp{X) = ^-j^, and 

• irreducible if ^ < Vp{X) < ^-j^. 

(3) ^^^..(A, A3, £) is isomorphic to DH^^X' , X'3, £') if and only if X ^ A', A3 = 
A!,, and £ = £'. 

Proof. From 2.5.10, if we let Li = i?(ei+ae2+fee3) and ^2 ~ (61+062+663,62+063) 
with be ^ 0, then, by change of a basis: ei 1— >■ ei — 062, 62 1— > 62, and 663 1— > 63, 
we get D].l^g{X, A3). Notice that this change of a basis does not change the matrix 
presentation of by Lemma 2.7. So now the part (1) and (2) are clear. Since an 
isomorphism preserves the filtration and the eigenvalues of (p, Lemma 2.7 implies 
that such an isomorphism should be a scalar multiple of the identity map, which 
completes the part (3). □ 

The following example arises from 2.6.1. 
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Example 2.37. A filtered ^-module of Hodge type (0, r, s) 

^Iris = -C'cris(Ai, A2, A3); 

• FifD = E{ei, 62) and Fil'D ^ Eei 

/ Ai \ 

• A2 for distinct A.^'s in E. 

V A3 / 

• Vp{\i) = s, Vp{\2) = r, and Wp(A3) = 0. 

Proposition 2.38. (1) -D^ris represents admissible filtered (f)-modules. 

(2) Every (jj-invariant subspace is a suhmodule of D^^^^ and so the corresponding 
representations to Dl^^^ are decomposable. 

(3) £';i^ig(Ai, A2, A3) is isomorphic to Dl^^^{X[, X'2, X':^) if and only if Xi = A'^, 
A2 = A2, and A3 = A3 

Proof. From 2.6.1, the part (1) and (2) are clear. Since every morphism should 
preserve the filtration, Lemma 2.9 implies that the only isomorphisms are scalar 
multiple of the identity map, which completes the part (3). □ 

The following example arises from 2.6.3. 

Example 2.39. A filtered 0-modulc of Hodge type (0,r, s) 

^cris = -D<';;!js(Ai, A2, A3); 

• FiFD = E{ei, 62 + 63) and Fil^'D Eci 

/ Ai \ 

• A2 for distinct A^'s in E. 
\ A3 / 

• s = Vp{Xi) > Vp{X2) > Vp^Xs) > and Up(A2) + fp(A3) = r. 

Proposition 2.40. (1) -D^ris represents admissible filtered (j)-modules. 

(2) The corresponding representations to i^^Hs '^'"^ decomposable with submod- 
ules Eei and E{e2,e^); moreover, if Vp{X^) =0, then Ee^ and E{ei,e^) are 
also submodules. 

(3) Dl^^g{Xi, X2, X3) is isomorphic to Dl^^^{X[, X'2, X'^) if and only if either 

r Ai = X[, X2 = A2, A3 = A^, or 
\ Ai = X'l, A2 = A3, A3 = X'2. 

Proof. From 2.6.3, if we let Li = Eci and L2 = E{ei, 62 + 063) with a ^ 0, then, 
by change of a basis: ei 1— ei, 62 1-^ 62, and 063 1—^ 63, we get D].^^^. So now the 
part (1) and (2) are clear. Since every isomorphism preserves the filtration, if there 
is an isomorphism then it should fix ci but it can cither fix or swap 62 and 63 by 
lemma 2.9. So we get the part (3). □ 

The following example arises from 2.6.6. 

Example 2.41. A filtered (/)-module of Hodge type (0, r, s) 

^Iris = -D^ri.s(Al, A2, A3); 

• FiFD = E{ei, 62) and Fil^L* = E{ei + C2) 

/ Ai \ 

• [0] = A2 for distinct Ai's in E. 

V A3 / 

• Vp[Xi) > Vp{X2) > r, VpiXa) = and Vp(Ai) + Vp{X2) = r + s. 
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Proposition 2.42. (1) -D^Hs represents admissible filtered (j)-modules. 

(2) The corresponding representations to i^cHs '^'"'^ decomposable with submod- 
ules Ec3 and E{ci,C2); moreover, if Vp{\2) = f , then Ec2 and i?(c2, 03) are 
also submodules. 

(3) D\^^^{\i^ A2, A3) is isomorphic to D\^^^(\'i, A2, A3) if and only if either 

r Ai = A'l, A2 = A2, A3 = A^j, or 
\ Ai = A2, A2 = A'l, A3 = A3. 

Proof. From 2.6.6, if we let Li = E{ei +062) and L2 = E{ei, 62) with a 7^ 0, then, 
by change of a basis: ei 1— >■ ei, 062 i-^ 62, and 63 1— )■ 63, we get i'cris- ^^w the 
part (1) and (2) are clear. Since every isomorphism preserves the filtration, if there 
is an isomorphism then it should fix 63 but it can either fix or swap ei and 62 by 
lemma 2.9. So we get the part (3). □ 

The following example arises from 2.6.9. 

Example 2.43. A filtered (/)-module of Hodge type (0, r, s) 

^llis = -D^isl^ii '^a, A3); 

• FifD = E{ei + 62, 63) and Fil-'D = E{ei + 62) 

/ Ai \ 

• A2 for distinct A^'s in E. 

V A3 / 

• Vp{Xi) > Vp{X2) > VpiXs) = r, Vp{Xi) + Vp{X2) = s, and s > 2r. 

Proposition 2.44. (1) -D^Hs represents admissible filtered (f>-modules. 

(2) The corresponding representations to DlJ.^^ are decomposable with submod- 
ules Ee^ and E (61,62) ■ 

(3) D;iJj^(Ai, A2, A3) is isomorphic to _D^Jj^(Aj, Aj, A3) if and only if either 

f Ai = X[, X2 = A2, A3 = A^, or 
\ Ai = A2, A2 = A'l, A3 = A3. 

Proof. From 2.6.9, if we let Li ~ E{ei + 062) and L2 = E{ei + ae2, 63) with a 7^ 0, 
then, by change of a basis: ei 1— ?► ei, ae2 1— > 62, and 63 1— > 63, we get i^cJis- n.O''^ 
the part (1) and (2) are clear. Since every isomorphism preserves the filtration, if 
there is an isomorphism then it should fix 63 but it can either fix or swap ei and 
62 by lemma 2.9. So we get the part (3). □ 

The following example arises from 2.6.10. 

Example 2.45. A filtered (/)-module of Hodge type (0, r, s) 

^Iris — -Dcris(Al, A2, A3); 

• FifD = £'(61 + 62, 62 + 63) and Fil'I? = E{ei + 63) 

/ Ai \ 

• [(/)]= A2 for distinct A.^'s in E. 

V A3 / 

• s > Vp{Xi) > Vp{X2) > Vp{X3) > 0, VpiXa) < r, and Vp{Xi) + Vp{X2) + 
VpiXs) = r + s. 

Proposition 2.46. (1) -D^ris represents admissible filtered (j>-modules. 
(2) The corresponding representations to D],^^^ are 

• non-split reducible with submodule Ee^ ifvp^X^) = 0, 
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• non-split reducible with submodule E{ei,e2) if Vp{\z) = r, 

• non-split reducible with submodule £^(62,63) if Vp{Xi) = s, and 

• irreducible if s > Wp(Ai) > Wp(A2) > Vp{X3) > and ^^(As) < r. 
(3) Dl^^^{Xi, X2, X3) is isomorphic to -Deris ( A'l, A2, A3) if (^nd only if either 

f Ai = A'l, A2 = A2,A3 = A3, or 
\ Ai = A2, A2 = A'l, A3 = A3. 

Proof. From 2.6.10, if wc let Li ~ E{ei + 062) and L2 = E{ei + ae2, 62 + 663) with 
ab 7^ 0, then, by change of a basis: ei 1—)- ei, ae2 M- 62, and 0663 1— ?> 63, we get 
D\f^^. So now the part (1) and (2) are clear. Since every isomorphism preserves 
the filtration, if there is an isomorphism then it can either fix or swap ei and 62 
to preserve Fil^D, by lemma 2.9. If it swap those two, by sending 63 to —63 it can 
also preserve YiY D. So we get the part (3). □ 

The following example arises from 2.6.11. 

Example 2.47. A filtered 0-modulc of Hodge type (0, r, s) 

-Deris = -Deris ( Al, A2, A3); 

• FifD = £'(62 + 63, ei) and Fil'D = £(62 + 63) 

/ Ai \ 

• [0] = A2 for distinct A.^'s in £. 

\ A3 / 

• r = 'i;p(Ai) > Wp(A2) > i'p(A3), Hp(A2) + Vp{X-i) = s, and s < 2r. 

Proposition 2.48. (1) i'eris represents admissible filtered (j)-modules. 

(2) The corresponding representations to i^^ris ^'"^ decomposable with submod- 
ules Eei and E (62,03). 

(3) £'eris (Ai, A2, A3) is isomorphic to Dlf.^^{X\,X'2,X';j) if and only if either 

f Ai = X[, A2 = A2, A3 = A3, or 
\^ Xi — X[, A2 — A3, A3 = A2. 

Proof. From 2.6.11, if wc let Li = £(62 + 063) and £2 ~ £(62 + 063, 61) with a ^ 0, 
then, by change of a basis: ei 1— 61, 62 H- 62, and 063 M- 63, we get D]^^^. So now 
the part (1) and (2) are clear. Since every isomorphism preserves the filtration, if 
there is an isomorphism then it can either fix or swap 62 and 63, by lemma 2.9. So 
we get the part (3). □ 

The following example arises from 2.6.12. 

Example 2.49. A filtered 0-module of Hodge type (0, r, s) 

Dlris = -Dcris(Al, A2, A3); 

• FiVD = £(62 + 63, 61 + 63) and FiVD = £(62 + 63) 

/ Ai \ 

• [0] = A2 for distinct A^'s in £. 

\ A3 / 

• r > i;p(Ai) > Wp(A2) > VpiXs), Vp(Xi) + Vp{X2) + Vp{X3) = r + s, and s < 2r. 

Proposition 2.50. (1) £'eris represents admissible filtered (f)-modules. 
(2) The corresponding representations to D^^ris '^'"^ 

• non-split reducible with submodules E[e2,Q3) if Vp{Xi) = r and 

• irreducible if r > Wp(Ai) > Wp(A2) > Wp(A3) and so s < 2r — 1. 
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(3) D^°js(Ai, A2, A3) is isomorphic to ^'^^^^(A']^, A2, A3) if and only if either 

r Ai =A;,A2 = Ap3 = A|5, or 
\ -^1 = -^ij A2 = A3, A3 = A2. 

Proof. From 2.6.12, if wc let Li ^ E{e2 + 063) and L2 = E{e2 + ae^, bei + 63) with 
ab 7^ 0, then, by change of a basis: ei 1— ei, 62 1— >■ abe2, and 63 1—^ 663, we get 
D^ris- So now the part (1) and (2) are clear. Since every isomorphism preserves 
the filtration, if there is an isomorphism then it can either fix or swap 62 and 63 
to preserve Fil"!?, by lemma 2.9. If it swap 62 and 63, it should send ei to — ei to 
preserve FirZ). So we get the part (3). □ 

The following example arises from 2.6.13. 

Example 2.51. A filtered 0-niodulc of Hodge type (0,r, s) 

^Iris = DllisiXi, A2, A3); 

• FifD = E{ei + 63, 62) and Fil'D = E{ei + 63) 

/ Ai \ 

• [0] = A2 for distinct A^'s in E. 

V A3 / 

• Vp{Xi) > Vp{X2) = r > fp(A3) > and Wp(Ai) + VpiXs) = s. 

Proposition 2.52. (1) -D^h^ represents admissible filtered (f>-modules. 

(2) The corresponding representations to -D^j-is ^''^ decomposable with submod- 
ules Ee2 and E(ei,e3); moreover, if Vp{Xi) = s then Ees and E{e2,e3) are 
also submodules. 

(3) D^^j^(Ai, A2, A3) is isomorphic to ^^^^^(Ai, A2, A3) if and only if either 

r Ai = A'l, A2 = A'2, A3 = A^, or 
y Xi — A3, A2 ~ A2, A3 = X'l. 

Proof. From 2.6.13, if we let Li = E{ei + aez) and L2 = E{ei+ae3, 62) with a 7^ 0, 
then, by change of a basis: ei i~> ei, e2 ^ e2, and 063 63, we get D^^^^. So now 
the part (1) and (2) are clear. Since every isomorphism preserves the filtration, if 
there is an isomorphism then it can either fix or swap ei and 63, by lemma 2.9. So 
we get the part (3). □ 

The following example arises from 2.6.14. 

Example 2.53. A filtered 0-niodulc of Hodge type (0,r, s) 

^Iris — DI^^s{Xi, X2, X^)- 

• Fif D = E{ei + 63, 62 + 63) and Fil'D = E{ei + 63) 

/ Ai \ 

• [(/)]= A2 for distinct A.^'s in E. 

V A3 / 

• s > Vp{Xi) > Vp{X2) > VpiXs), Vp{X2) < r, and Wp(Ai) + Vp{X2) + VpiXs) = 
r + s. 

Proposition 2.54. (1) -D^Hs represents admissible filtered 4>-modules. 
(2) The corresponding representations to I?cris ^'^^ 

• non-split reducible with submodule Ee^ if Vp^X^) = 0, 

• non-split reducible with submodule E{ei,e3) if Vp{X2) = r, 

• non-split reducible with submodule E{X2,X3) if Vp{Xi) ~ s, and 
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• irreducible if s > Vp{Xi) > Vp{X2) > Wp(^3) ^'^'^ ^'^(^2) < r. 
(3) Z)^^js(Ai, A2, A3) is isomorphic to D^^^g{X[, X'2, X';^) if and only if either 

Ai = A'l, A2 = A2, A3 = A3, or 
Ai = A3, A2 = A2, A3 = X'l- 

Proof. From 2.6.14, if we let Li = E{ei + aes) and L2 = E{ei + 063, 62 + 663) 
with ah 7^ 0, then, by change of a basis: ei 1— >■ aei, 62 1— ?■ 662, and 63 H> 63, we get 
D^^^g. So now the part (1) and (2) are clear. Since every isomorphism preserves 
the filtration, if there is an isomorphism then it can either fix or swap 62 and 63 
to preserve Fil*!?, by lemma 2.9. If it swap ei and 63, it should send 62 to —62 to 
preserve Fil'D. So we get the part (3). □ 

The following example arises from 2.6.15. 

Example 2.55. A filtered 0-modulc of Hodge type (0,r, s) 

^Iris = -D^^is(Ai, A2, A3); 

• FiVD = E{ei + 62 + 63, ei) and Yil" D = E{ei + 62 + 63) 

/ Ai \ 

• [0] = A2 for distinct A^'s in E. 

V A, / 

• Vp[Xi) > Vp{X2) > VpiXs) > 0, r < Vp{Xi) < s, and Vp{Xi) + Vp{X2) + 
Vpih) = r + s. 

Proposition 2.56. (1) D^ris represents admissible filtered <j>-modules. 

(2) The corresponding representations to D^Hs '^''^ 

• non-split reducible with submodule Ee^ if Vp^X^) = 0, 

• non-split reducible with submodule Eei if Vp{Xi) = r, 

• non-split reducible with submodule £^(62, es) if Vp{Xi) = s, and 

• irreducible if Vp(Xi) > Wp(A2) > fp(A3) > and r < Wp(Ai) < s. 

(3) D^^^^{Xi, X2, X3) is isomorphic to D^risi'^i^ ■^2^ ^3) if o^nd only if either 

Ai = A'j, A2 = A^,A3 = A3, or 
Ai = X'l, X2 = A3, A3 = A2. 

Proof. From 2.6.15, if we let Li = E[ei + a62 + 663) and L2 = E{ei + 062 + ^63, 61) 
with ab 7^ 0, then, by change of a basis: 61 1— >■ 61, ae2 1— > 62, and 663 H> 63, we get 
So now the part (1) and (2) are clear. Since every isomorphism preserves 
the filtration, if there is an isomorphism then it should fix ei to preserve Fil'"D, by 
lemma 2.9. To preserve Fil^D, it can either fix or swap 62 and 63. So we get the 
part (3). □ 

The following example arises from 2.6.16. 

Example 2.57. A filtered (/)-module of Hodge type (0, r, s) 

Dltis = -DcHs(^li '^a, A3); 

• FiVD = E{ei + 62 + 63, 62) and Yil" D = E{ei + 62 + 63) 

/ Ai \ 

• A2 for distinct A.^'s in E. 

V A3 / 

• Vp{Xi) > Vp{X2) > VpiXs) > 0, Vp{X2) > r, and Wp(Ai) + Vp{X2) + fp(A3) = 
r + s. 
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Proposition 2.58. (1) D^^^^ represents admissible filtered 4>-modules. 

(2) The corresponding representations to D^f^^ are 

• non-split reducible with submodule Ee^ if Vp{X3) = 0, 

• non-split reducible with submodule Ee2 if Vp{\2) — r, 

• non-split reducible with submodule £'(02,03) if Vp{Xi) — s, and 

• irreducible if Vp(\i) > Wp(A2) > Vp(A3) > and Vp{X2) > r. 

(3) D^^js(Ai, A2, A3) is isomorphic to D^I^^^{X[, X'2, X':^) if and only if either 

Ai = A'l, A2 = A^,A3 = A3, or 
Ai = A3, A2 = A2, A3 = X'l- 

Proof. From 2.6.16, if we let Li = E{ei + ae2 + be^) and L2 = E{ei + ae2 + be^, 62) 
with ab ^ 0, tlien, by cliaiige of a basis: ei H> ei, 062 1— )■ 62, and be^ H- 63, we get 
^cris- now tlio part (1) and (2) aro clear. Since every isomorphism preserves 
the filtration, if there is an isomorphism then it should fix 62 to preserve FiVD, by 
lemma 2.9. To preserve Fil^D. it can either fix or swap ei and 63. So we get the 
part (3). □ 

The following example arises from 2.6.17. 

Example 2.59. A filtered (/)-module of Hodge type (0, r, s) 

^Iris Dln^{Xi,X2,X3)- 

• FifD = E{ei + 62 + 63, 63) and FiVD = E{ei + 62 + 63) 

/ Ai \ 

• [0] = A2 for distinct A^'s in E. 

V A3 / 

• Vp{Xi) > Vp{X2) > VpiXs) > r, Vp{Xi) + Vp{X2) + Vp{X3) = r + s, and s > 2r. 

Proposition 2.60. (1) -D^ris represents admissible filtered (f)-modules. 

(2) The corresponding representations to -D^ris '^^^ 

• non-split reducible with submodule Ee^ if Vp{X'i) = r and 

• irreducible if Vp{Xi) > Wp(A2) > Wp(A3) > r and so s > 2r -\- 1. 

(3) Dl^^g{Xi, X2, X3) is isomorphic to D'^^^^{X[, X'2, X':^) if and only if either 



Ai — A'j^, A2 — A2, A3 — A3, 
Ai = X'2, A2 = Aj, A3 = A3 



or 



3- 



Proof. From 2.6.17, if we let Li = E{ei + ae2 + 663) and L2 = E{ei + ae2 + be^, 63) 
with ab ^ 0, then, by change of a basis: 61 1— > 61, 062 1— ?• 62, and 663 1—^ 63, we get 
^cris- now the part (1) and (2) are clear. Since every isomorphism preserves 
the filtration, if there is an isomorphism then it should fix 63 to preserve FiVD, by 
lemma 2.9. To preserve Fil^D, it can either fix or swap 61 and 62. So we get the 
part (3). □ 

The following example arises from 2.6.18. 

Example 2.61. A filtered (/)-module of Hodge type (0, r, s) 

^Iris ~ -Deris ('^l' ^2, A3, £); 

63, 62 + £63) and FiFZ? ^ E{ei + 62 + 63) 
for distinct A, 's in E. 
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• £ e £; \ {0, 1}, s > Vp{Xi) > Vp{X2) > VpiXs) > 0, and Wp(Ai) + ^^(Aa) + 
VpiXs) = r + s. 

Proposition 2.62. (1) -D^ris represents admissible filtered (j)-modules. 

(2) The corresponding representations to l?^ris '^''^ 

• non-split reducible with submodule Ee^ if Vp^X^) = 0, 

• non-split reducible with submodule £(62,63) if Vp{Xi) = s, and 

• irreducible if s > Vp{Xi) > Vp{X2) > fpCAs) > 0. 

(3) £'^^j5(Ai, A2, A3, £) is isomorphic to Dl^^^{X[, X'2, X'^, if and only if one 
of the following holds: 

' Ai = A'i,A2 = A^, A3 = A(j, and£^&', 

Ai A^,A2 - A^j,A3 = A'l, and £' + 1 = 1, 

Ai = A;3, A2 = A'l, A3 = A^, and £ + = 1, 

Ai = A'l, A2 = A^j, A3 = A^, and ££' = 1, 

Ai = A3 , A2 = A'2 , A3 = A'l , and ;^ + = 1 , 01" 

Ai = A^,A2 = A'l, A3 = A(j, and£ + £' = l. 

Proof. From 2.6.18, if wc let Li = £^(61+062 + 663) and L2 = £'(61 + 062 + 663, 662 + 
de3) with a6cd ^ and ad — be ^ 0, tlien, by cliange of a basis: ei 1— >■ ei, 062 H> 62, 
and 663 1— > 63, we get Z^cHs- '^'^'^ part (1) and (2) are clear. 

By Lemma 2.9, to preserve FiV D, every isomorpliism should be a permutation on 
the bases modulo scalar multiples. Let T be an isomorphism from D^^j^(Ai, A2, A3, £) 
to D26(A'i,A^,A^,£'). If Ai = A^,A2 = A;3,A3 = A'l, then T sends ei ^ 62,62 ^ 
63, 63 1-^ 61 andTiFiVD) = £(61 + 62 + 63, 62+(l-;g)63), and so we get £'+i = 1. If 
Ai = A3, A2 = A'l, A3 = A2, then T sends ei i-s- 63, 62 ei, 63 ^ 62 and T(FirD) = 
-£(ei + 62 + 63, 62 + ]-r£ 63), and so we get £+ ^ = 1. If Ai = A'l, A2 = A3, A3 = X'^, 
then T sends 61 i-> 61, 62 i-> 63, 63 i-> 62 and r(Fir£') = £(61 + 62 + 63, 62 + ^63), 
and so we get ££' = 1. If Ai ~ A3, A2 ~ A'2, A3 = A'l, then T sends 61 n> 63, 62 n> 
62, 63 i-> 61 and r(Fir£') = £(61 + 62 + 63, 62 + £^63), and so we get -g + ^ = 1. 
If Ai = A2,A2 = A'l, A3 = A3, then T sends 61 1-^ 62,62 1— > 61,63 n- 63 and 
r(Firi:») = £(6i + 62 + 63, 62 + (l - £)e3), and so we get £ + £' = 1. The converse 
is also very routine and easy to check. □ 

Proposition 2.63. Assume that 1 < i < j < 26. Then there is an isomorphism 
from Dl^ig to £^cris */ '^'^'^ onZy if one of the following holds: 



(1) 


i 


- 17, J 


-19, 


Ai 


^X'„ 


A2 




and A3 


-A'l, 


(2) 


i 


- 17, J 


= 19, 


Ai 


= A'2, 


A2 




and A3 


-A'l, 


(3) 


i 


= 17, J 


= 21, 


Ai 


= A'i, 


A2 




and A3 


-Ai, 


(4) 


i 


= 17, J 


= 21, 


Ai 


= A^,, 


A2 


-A'l, 


and A3 


— A2, 


(5) 


i 


= 19, J 


= 21, 


Ai 


= A'2, 


A2 


-A'l, 


and A3 




(6) 


i 


= 19, J 


= 21, 


Ai 


= A'2, 


A2 




and A3 


-A'l, 


(7) 


i 


= 18, J 


= 20, 


Ai 


= A'2, 


A2 


= A^, 


and A3 


-A'l, 


(8) 


i 


= 18, J 


= 22, 


Ai 


= A'i, 


A2 




and A3 


-A'2, 


(9) 


i 


= 20, j 


= 22, 


Ai 


-A'2, 


A2 


-A'l, 


and A3 


-A(„ 


(10) 


i 


= 23, j 


= 24, 


Ai 


-A'2, 


A2 


-A'l, 


and A3 


-A(„ 


(11) 


i 


= 23, j 


= 24, 


Ai 


= A'2, 


A2 


= K, 


and A3 


-A'l, 


(12) 


i 


= 23, J 


= 25, 


Ai 




A2 


— A2, 


and A3 


-A'l, 


(13) 


i 


= 23, J 


= 25, 


Ai 




A2 


-A'l, 


and A3 


-A'2, 


(14) 


i 


= 24, J 


= 25, 


Ai 


= A'i, 


A2 


-AJ,, 


and A3 


- A'2, or 
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(15) i = 24, j = 25, Ai = A^, A2 = A;,, and A3 = Ai, 
where = i5^„,(Ai, A2, A3) and Di„^ = Dl.JX[, A^, X',). 

Proof. Since an isomorphism preserves the Jordan forms of the Frobenius map, if 
is isomorphic to -Deris i ^^en both i and j belong to either {1}, [2,4], {5}, 
[6,13], or [14,26]. 

If i and j belong to [2, 4], the isomorphism should be of the form in Lemma 2.3. 
But it is straightforward that such a form can not preserve the filtration if i j. 
Similarly, if i and j belong to [6, 13], then the isomorphism should be of the form 
in Lemma 2.7, and such a form can not preserve the filtration either ii i ^ j. 

Assume that -Dens = Dl„s{Xi, A2, A3) is isomorphic to -D^ns = Dl^^^iX^, X'2, A3) 
for i < j in [14,26]. Then {Ai,A2,A3} = {A'j,A2,A3}. So the question reduces to 
whether or not there is a matrix of the form in Lemma 2.9 preserving the filtration. 
Now it is straightforward to check that -D^ris * G {14, 15, 16, 26} is not isomorphic 
to any other -D^ris ^'^''^ j [14,26]. Let i < j in [17,25]. If f^ris is isomorphic to 
-D^^^g, their filtration should have the same form. So both i and j belong to either 
{17, 19, 21}, {18, 20, 22}, or {23, 24, 25}. 

If there is an isomorphism from fjjj^ to -DcHsi preserve Fil*D either (ei M- 
62, 62 I— >■ 63) or (ei H> 63, 62 62). For either case, the isomorphism sends 63 to 61 
and so it preserves FiVD. Hence, we get (1) and (2). The cases (3), (4), (5), and 
(6) are similar. 

If there is an isomorphism from Dlf,^^ to -D^Hs' 1"^ preserve FiPD cither (ei 
62, 62 1-7- 63) or (ei I— >■ 63, 62 ^ 62). For either case, the isomorphism sends 63 to 61. 
It is easy to check that (ei 63, 62 1-^ 62, 63 1— > ei) does not preserve the filtration 
Fil' D while (ei n- 62, 62 63, 63 n- 61) does, so we get (7). The cases (8) and (9) 
are similar. 

If there is an isomorphism from D^^^^ to -Deris' ^o preserve FiVD the only condition 
we need is 61 M- 62 and there are no condition to preserve Fil^Z?. So we get (10) 
and (11). The cases (12), (13), (14), and (15) are similar. 

The converse is straightforward. □ 

Proposition 2.64. Every 3 -dimensional crystalline representation of Gq^ with 
regular Hodge-Tate weights is isomorphic to a representation corresponding to some 
D\ris twist by a power of the cyclotomic character. 

Proof. We found all the admissible filtered 0- modules in the previous subsections. 
Since the list of filtered modules in this subsection represents all we found in the 
previous subsections, we arc done. □ 

3. Admissible filtered (0, A^)-modules with rankA^ = 1 

In this section, we classify the admissible filtered (0, A^)-modules of Hodge type 
(0, r, s) for < r < s and with the monodromy operator N of rank 1. Assume first 
that A^ has rank 1. By choice of a basis for Z? = i?(6i, 62, 63), we may set 

A^ei = 63 and A^62 = = A^e3. 

From the equation A^^ = p(j>N, we should have that 

(/)6i = pxei + ue2 + U63, 062 = 2/62 + ^63, and 063 = 0:63, 

for some u, v, w, and x ^ =^ y. By change of a basis for D = E{ei, 62, 63), we can 
say a bit more. 
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px 






X 



if y = X and w = 0; 
if y = X and w ^ 0; 
if y — O'l^d u ~ 0; 
if y = o-i^d, u ^ 0; 
ifpx ^y^x. 

Proof. For each case, use the foUowing matrices for P in order: 



px 



px 



px 
1 


px 






X 



px 




px U 
X 



y 



1 



■!(i-p) 



1 

1(1 -p) 



^ 




i^Ci-p)^ 



and 



a:{l— p) 



1 


c(l-p) 
1 

y — 

E(a:-y){l-p) 



□ 



Hence, we may assume that [0] has one of the forms in the Lemma above. 
For each type of [0], we collect all the admissible filtered (0, A^)-modules with 
rankA^ = 1 in the following subsections. 

3.1. The first case of rank7V=l. Assume that 
/ pA 




and [iV] 




By admissibility, 



Lemma 3.2. For a 3 x 3-matrix P = {Pt.j), P[(j)\ = 
only if P is a lower triangle matrix with Pi.i ~ P^ y, 



[(l)\P and P[N] = [N]P if and 
and P2,i = = PsA- 



Proof. The equation P[N] = [N]P forces that P be a lower triangle matrix with 
-Pi.i = Then P[(/)] = [(j>]P forces P2,i = = Ps,!. □ 

Lemma 3.3. (1) every l-dimensional subspace of £(02,03) is the only (p- and 
N -invariant subspace of dimension 1. 
(2) i?(e2,e3) and £(61,63) are the only (j)- and N -invariant subspaces of di- 
mension 2. 

Proof. By Lemma 2.6, we know that the ^-invariant subspaces of dimension 1 are 
Eei and the l-dimensional subspaces of E{e2, 63) and that the (^-invariant subspaces 
of dimension 2 are E{e2, 63) and the 2-dimensional subspaces including ei. Now it 
is easy to check which ones are A'^-invariant. □ 

We start to collect the admissible filtered {<f>, iV)-modules in this case. 

3.1.1. Assume that Li is 4>- and TV-invariant. Then, by admissibility, s = tniLi) < 
tN{Li) ~ Vp{X), which contradicts to Vp{X) = -^-^f— 
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3.1.2. Assume that L2 = E{ei, 63). Then, by admissibihty, r + s = tH{L2) < 
tN{L2) = 2vp{\) + 1, which contradicts to Vp{\) = ■^-'-f— 

3.1.3. Assume that neither Li nor L2 are 0- and A^-invariant and Li C E{ei, 63). 
Then Li E{e2, e^). Let Di be a (p- and A-invariant subspace of dimension 1. By 
admissibihty, s tH{E{ei, 63)) < tAr(£;(ei, £3)) = 2vp{\) + 1, r = tH{E{e2, £3)) < 
tN(£;(e2,e3)) - 2vpiX), for Di with Di C L2 r tff(i?i) < tNiDi) = i;p(A), 
and for Di with Z^i {Z^ L2 = tH(£)i) < tN{Di) = 'yp(A). So admissible filtered 
(0, A^)-modules occur in this case if and only if s = 2r + 1, but the corresponding 
representations are decomposable with submodules E(e2, £3) n L2 and E(ei, 63). 

3.1.4. Assume that neither Li nor L2 are 4>- and A^-invariant and Li <f_ E{ei, 63). 
Then Li (f. E{e2, £3). Let Di be a (p- and A-invariant subspace of dimension 1. By 
admissibility, r = tniEiei, £3)) < tAr(£;(£i, £3)) = 2vp{\) + 1, r = tH{E{e2, £3)) < 
tjv(£^(e2, £3)) = 2vp{X), for Di with Di C L2 r = tff(i?i) < tAr(Di) i;p(A), 
and for Di with Di ^ L2 = t^iDi) < tN{Di) = fp(A). So admissible filtered 
(0, A^)-modules occur in this case if and only if s > 2r + 1 . The corresponding 
representations are non-split reducible with submodules E{e2, e^) D L2 if s = 2r + 1 
and irreducible if s > 2r + 1 . 

3.2. The second case of rankA^ = 1. Assume that 



/ p\ 





^ 











A 





1 and [AT] = ^ 







V 


1 


A J 







/ 



By admissibility. 



r + s-l 

= — o — ■ 



Lemma 3.4. for a 3 x 3-matrix P = (P,j), P[(/)] = and P[N] [N]P if and 
only if P is a lower triangle matrix with Pi.i = ^2,2 = P3,3 cmd ^2,1 = = ^3,1. 

Proof. The equation P[A^] = [N]P forces that P be a lower triangle matrix with 
Pi,i = P3,3- Then P[(j>] = [(f>]P forces P2,i = = P3,i and Pi,i = P2,2 = P3,3. □ 

Lemma 3.5. Ee^, Eiei^es), and E[e2,e3) are the only nontrivial proper (p- and 
N -invariant subspaces. 

Proof. By Lemma 2.8, we know that Eei, Ee^, E(ei,e3), and P(£2, £3) are the 
only nontrivial proper 0-invariant subspaces. Now it is easy to check which ones 
are A^-invariant. □ 

We start to collect the admissible filtered (0, A^)-modules in this case. 



3.2.1. Assume that Li = Ee3. Then, by admissibility, s = tniLi) < tAr(Li) = 
Up (A), which contradicts to Vp{X) = ■^-'-f— 

3.2.2. Assume that L2 = P(£2,fi3). Then, by admissibility, r + s ~ tif(L2) < 
tAr(i2) = 2vp{X), which contradicts to Vp{X) = ■ 

3.2.3. Assume that L2 = P(£i,fi3). Then, by admissibility, r + s = tH{L2) < 

l-s- 
3 



^n{L2) ~ 2vp{X) + 1, which contradicts to Vp{X) ~ "^^^ ^ 
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3.2.4. Assume that neither Li nor L2 are (/>- and iV-hwariant and Li C E{e2, 63). 
Then Li (t E{ei,e3) and 63 L2. By admissibihty, = tniEes) < tN{Ee3) = 
Vp{X), s = t^f(£;(e2, 63)) < tjv(£^(e2, 63)) = 2vp{X), and r = t_y (£;(ei, 63)) < 
tAr(i?(ei, 63)) = 2vp{X) + 1. So admissible fihered ((/), 7V)-modules occur in this 
case if and only if s < 2r — 2. The corresponding representations are non-split 
reducible with submodule E{e2, 63) if s = 2r — 2 and irreducible if s < 2r — 2. 

3.2.5. Assume that neither Li nor L2 are 0- and A'^-invariant and Li C E{ei, 63). 
Then Li (/i £^(62,63) and 63 ^ ^2. By admissibility, = tniEe^) < tjv(i?e3) = 
Vp{X), r = t/i-(£;(e2, 63)) < tjv(P(e2, 63)) = 2t;p(A), and s = t^f (£;(ei, 63)) < 
tAr(£^(ei, 63)) = 2up(A) + 1. So admissible filtered ((/), A^)-modules occur in this 
case if and only if s < 2r + 1. The corresponding representations are non-split 
reducible with submodule E{ei, e^) if s = 2r + 1 and irreducible if s < 2r + 1. 

3.2.6. Assume that neither Li nor L2 are 0- and A^-invariant, Li is not contained 
in any (/)- and A^-invariant subspaces, and 63 G ^2- Then, by admissibility, r = 
tHiEes) < tNiEes) = Vp{X), r = tH{E{e2, 63)) < tM{E{e2, 63)) = 2vp{X), and r = 
t_H'(i?(ei, 63)) < tAr(£'(ei, 63)) — 2vp{X) + 1. So admissible filtered (c/i, A^)-modules 
occur in this case if and only if s > 2r + 1. The corresponding representations are 
non-split reducible with submodule Ees if s = 2r -I- 1 and irreducible if s > 2r -I- 1. 

3.2.7. Assume that neither Li nor L2 are (j)- and A^-invariant, Li is not contained 
in any 0- and A"-invariant subspaces, and 63 ^ ia- Then, by admissibility, = 
tniEea) < iNiEe^) = Wp(A), r = t^ (£;(e2, 63)) < 2vp{X), and r = tH{E{eu 63)) < 
2vp{X) + 1. So admissible filtered (0, A^)-modules occur in this case if and only if 
r-f2<2s. IfO<r<s, then r + 2 < 2s, and so there are always admissible filtered 
((/), A^)-modules in this case and the corresponding representations are irreducible. 

3.3. The third case of rankA^ = 1. Assume that 



pX 

















p\ 


and [A^] = j 






















/ 



By admissibility. 



M^) = — o — ■ 



Lemma 3.6. For a 3 x 3-matrix P = (P,j), P[(j)\ = [(j)\P and P[N] = [N]P if and 
only if P is a lower triangle matrix with Pi i = P3 3 and P31 = = P3,2. 

Proof. The equation P[A^] = [A]P forces that P be a lower triangle matrix with 
-Pl.l = -P3,3- Then P[(l)] = [^JP forces Pj^i = = Pj^a. □ 

Lemma 3.7. (1) Pc2 and Ee^ are the only cj)- and N -invariant subspace of 
dimension 1. 

(2) For each (a, b) € i?^\{(0, 0)}, P(aei-|-6e2, e3) is the only 4>- and N -invariant 
subspace of dimension 2. 

Proof. By Lemma 2.6, we know that the 1-dimensional (/)-invariant subspaces of D 
are the subspaces of E(ei, 62) and Ee^ and that the 2-dimensional subspaces are 
E{ei, 62) and E{aei -\-be2, 63) for each (a, b) € E^\ {(0, 0)}. Now it is easy to check 
which ones are A^- invariant. □ 



We start to collect the admissible filtered {(j), A^)-modules in this case. 
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3.3.1. Assume that Li = Ee2. Then, by admissibihty, s = tniLi) < tAr(Li) = 
Vp{X) + 1, which contradicts to Vp{X) = ''"'"g"^ . 

3.3.2. Assume tliat Li = Ee^. Then, by admissibihty, s = t^f(Li) < tN{Li) ~ 
tip (A), which contradicts to Vp{X) = ""^^^^ . 

3.3.3. Assume that L2 is (j)- and iV-invariant. Then, by admissibihty, r + s = 
^h{L2) < tAr(L2) = 2t;p(A) + 1, which contradicts to Wp(A) = ''^'^^"^ . 

3.3.4. Assume that neither Li nor L2 are (p- and iV-invariant and 62 G ^2- Then 
Li ^ E{e2, 63) and 63 ^ L2. Let Z?2 be a (j)- and A''-invariant subspace of dimension 
2. By admissibihty, r = t//(£'e2) < tAr(£'e2) = i'p(-^) + l, = tH(£;e3) < tjv(£^e3) = 
Vp{X), for D2 with Li C D2 s ^ t//(L»2) < tiv(£'2) = 2wp(A) + 1, and for D2 with 
Li ^ 152 ?' = tH{D2) < tAr(D2) = 2vp(A) + l. So admissible filtered (0, iV)-modules 
occur in this case if and only if s = 2r — 1 , and the corresponding representations 
are decomposable with submodules Ee2 and D2 with Li C -D2- 

3.3.5. Assume that neither Li nor L2 are 0- and A^-invariant and 62 ^ ^2. Then 
63 ^ ^2- Let Z52 be a and A'^-invariant subspace of dimension 2. By admissibility, 
= tHiEe2) < tN{Ee2) = Wp(A) + 1, - tHiEe^) < tNiEes) ^ Vp{X), for D2 
with Li C D2 s ^ tH{D2) <= tjv(-D2) 2wp(A) + 1, and for D2 with Li D2 
r — tH{E>2) < tAr(D2) = 2vp{X) + 1. So admissible filtered (0, A^)-modules occur 
in this case if and only if s < 2r — 1. The corresponding representations arc non- 
split reducible with submodules D2 with Li C D2 if s = 2r — 1 and irreducible if 
s < 2r - 1. 

3.4. The fourth case of rankA^ = 1. Assume that 



By admissibility. 



Lemma 3.8. For a 3 x 3-matrix P = {P,,j), P[(f)] ^ [(f>]P and P[N] = [N]P if and 
only if P is a lower triangle matrix with Pi.i = P2,2 = ^3,3 o,nd P31 = = P3,2- 

Proof. The equation P[N] = [N]P forces that P be a lower triangle matrix with 
-Pi.i = -P3,3- Then P[(f\ = [(f>]P forces P3,i = = P3,2 and Pi,i = P2,2 = P3,3. □ 

Lemma 3.9. Pe2, ^63, and P(e2,e3) are the only nontrivial proper (p- and N- 
invariant subspaces. 

Proof. By Lemma 2.8, we know that Ee2, Ee^, E(ei, 62) and E(e2, £3) are the only 
nontrivial proper (/)-invariant subspaces. Now it is easy to check which ones are 
A-invariant. □ 

We start to collect the admissible filtered {(j), A^)-modules in this case. 

3.4.1. Assume that Li = £^62. Then, by admissibility, s = tniLi) < tAr(Li) = 
Dp (A) + 1, which contradicts to Vp{X) ~ ^-'-f— ^■ 

3.4.2. Assume that Li — Ee^. Then, by admissibility, s = tniLi) < tAr(Li) = 
7;p(A), which contradicts to i'p(A) = '''^g'^ . 




and [A^] 
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3.4.3. Assume that L2 = E{e2, 63). Then, by admissibihty, r + s = t/f(L2) < 
tAr(i2) = 2vp{X) + 1, which contradicts to Wp(A) = ■^-'-f— ^. 

3.4.4. Assume that neither Li nor L2 are (j)- and A^-invariant and Li C E{e2, £3). 
Then £2, £3 ^ _L2- By admissibihty, = iH{Ee2) < tAr(£'e2) = Wp(A) + 1,0 = 
tH(£;e3) < tAr(£;e3) = Wp(A), and s = tff(£;(e2, 63)) < tAr(£:(e2, 63)) = 2vp{\) + 1. 
So admissible filtered (0, A^)-modules occur in this case if and only if s < 2r — 1. 
The corresponding representations are non-split reducible with submodule E{e2, 63) 
if s = 2r — 1 and irreducible if s < 2?' — 1. 

3.4.5. Assume that neither Li nor L2 are 0- and A^-invariant, Li (f_ E(e2, £3), and 
£2 & L2- Then £3 ^ L2. By admissibility, r = tH{Ee2) < tAr(£'£2) = Vp{X) + 1,0 = 
tH(£;£3) < tAr(£:£3) = Wp(A), and r = tH(£;(£2, £3)) < tA,(£:(£2, £3)) = 2fp(A) + 1. 
So admissible filtered ((/), A^)-modules occur in this case if and only if s > 2r — 1. 
The corresponding representations are non-split reducible with submodule Ee2 if 
s = 2r — 1 and irreducible if s > 2r — 1 . 

3.4.6. Assume that neither Li nor L2 are 0- and A^- invariant, Li ^ E{e2, £3), and 
£3 e L2- Then £2 ^ L2- By admissibility, = t/f (£'£2) < tAr(£'£2) = Vp{X) + 1, r = 
tniEea) < tNiEea) = Wp(A), and r = tH{E{e2, £3)) < tAr(£:(£2, £3)) = 2t-p(A) + 1. 
So admissible filtered {(f>, A^)-modules occur in this case if and only if s > 2r + 2. 
The corresponding representations are non-split reducible with submodule Ee^ if 
s = 2r + 2 and irreducible if s > 2?- + 2. 

3.4.7. Assume that neither Li nor L2 are 0- and A^-invariant, Li ^ £■(£2, £3), 
and £2, £3 L2- By admissibility, = t//(i?£2) < tjv(££2) = i^p(A) + 1, = 
tniEes) < tjv(££3) = Wp(A), and r = tH{E{e2, £3)) < tAr(£(£2, £3)) = 2up(A) + 1. 
So admissible filtered {(p, A^)-modules occur in this case if and only if 2s > r + 1. If 
< r < s, then r+1 < 2s and so there are always admissible filtered (0, A^)-modules 
in this case and the corresponding representations are irreducible. 

3.5. The fifth case of rank A = 1. Assume that 

with A 7^ A2 ^ pA. By admissibility, 

2t;p(A)+t;p(A2) = r + s-l. 

Lemma 3.10. For a 3 x 3-matrix P = [Pt.j), = and P[N] = [N]P if 

and only if P is a diagonal matrix with Pi^i = P^^z- 

Proof. The equation P[A^] = [A]P forces that P be a lower triangle matrix with 
Pi i = ^3,3. Then P[<f)] = [0]P forces that P be a diagonal matrix with Pi i = 

Lemma 3.11. Ee2, Ee^, £(62,63), a7T,rf £(ei, 63) are the only nontrivial proper (j)- 
and N -invariant subspaces. 

Proof. By Lemma 2.10, we know that the only nontrivial proper <?!)-invariant sub- 
spaces are ££1, £e2, ££3, £(ei,£2), £(£2,63), and £(£1,63). Now it is easy to 
check which ones are A-invariant among these subspaces. □ 

We start to collect the admissible filtered {(f>, A^)-modules in this case. 



pX 





° \ 
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1 and [A^] = 
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3.5.1. Assume that L2 = E{e2, 63). Then, by admissibihty, r < tH{E{ei, 63)) < 
2vp{\) + 1 and r + s = tH{E{e2, 63)) < tw(£'(e2, 63)) = Vp{\) + Wp(A2), which 
contradicts to 2vp{\) + Up(A2) = r + s — 1. 

3.5.2. Assume that Li = Ee2 and L2 7^ £(62,63). Then 63 ^ £2 and, by ad- 
missibility, S = tH{E62) < tN{E62) = Vp{\2), = tH{E63) < tNiE63) = Vp{X), 

s = tH(i;(e2, 63)) < tAr(£'(e2, 63)) = Vp{X) + Wp(A2), and r = t/i-(£;(ei, 63)) < 
tAr(i?(ei, 63)) = 2'i;p(A) + 1, which imphes Wp(A) = ^-j^ and Wp(A2) = s. So we 
have admissible filtered (0, A'^)-modules, but the corresponding representations are 
decomposable with submodules £^(61,63) and £'62. Moreover, Ees and £^(62,63) 
are submodules as well if r = 1. 

3.5.3. Assume that Li = E63. Then, by admissibility, s = tniEe^) < ti\[{Ee3) = 
Vp{X) and s < tij(£'(e2, 63)) < tAr(£'(e2, 63)) = Vp{X) + Wp(A2), which contradicts 
to 2wp(A) -I- -yp(A2) = r + s - 1. 

3.5.4. Assume that Li is not (/)- and A^-invariant and L2 = E{ei, 63). Then Li 
E{e2, 63) and, by admissibility, = tH{Ee2) < t]s[{E62) = Vp{X2), r = t//(£'e3) < 
tAr(£'e3) = Wp(A), r = t//(£'(e2, 63)) < tAr(£'(e2, 63)) = Wp(A) + Wp(A2), and r + s = 
tff (i?(ei, 63)) < tjv(£(ei, 63)) = 2wp(A) + 1, which implies Wp(A) = ''^^""^ and 
Vp{X2) = 0. So we have admissible filtered (0, A^)- modules, but the corresponding 
representations are decomposable with submodules E{6i, 63) and Ee2. Moreover, 
Ee3 and E(e2, 63) are submodules as well if s = r + 1. 

3.5.5. Assume that neither Li nor L2 are 0- and A^-invariant and Li C E{e2, £3). 
Then 62, 63 ^ L2 and Li (t E{6i, 63). By admissibility, = t/f(i?e2) < tAr(i?e2) = 
?;p(A2), = tH{E63) < tNiEes) = Vp{X), s = tH(£:(e2, 63)) < tAr(£;(e2, 63)) = 
Vp{X) + Vp{X2), and r = ti/(£'(ei, 63)) < tAr(£;(ei, 63)) = 2up(A) + 1. So, for 
^-=i < Wp(A) < r — 1 and 2wp(A) + Wp(A2) = ?' + s — 1, we have admissible filtered 
{(p, A'^)-modules. The corresponding representations are 

• non-split reducible with submodules Ee3, E{62, 63), and E(ei, 63) if r = 1, 

• non-split reducible with submodule E{6i, 63) if Wp(A) = and if r > 1, 

• non-split reducible with submodule E{62, 63) if Wp(A) = r — 1 and if r > 1, 
and 

• irreducible if < Vp{X) < r — 1 and r > 1. 

3.5.6. Assume that neither Li nor L2 are (/)- and A^-invariant, Li C E{ei, 63), and 
62 G £2- Then 63 ^ £2 and Li ^ E{e2, 63). By admissibility, r = iH{Ee2) < 
tw(£e2) = Wp(A2), = tH(£e3) < tjv(£e3) Wp(A), r tH(£;(e2, 63)) < 
tAr(£'(e2, £3)) = Up(A)+i;p(A2), and s = tH(£'(ei, 63)) < tAr(£(ei, 63)) = 2wp(A) + l, 
which implies Vp{X) — and Wp(A2) = r. So we have admissible filtered {<f>,N)- 
modules, but the corresponding representations are decomposable with submodules 
_E(ei, 63) and E62. 

3.5.7. Assume that neither Li nor L2 are 0- and A^-invariant, Li C -B(ei, 63), and 
62 ^ £2. Then 63 ^ £2 and Li {Z! E{e2, 63). By admissibility, = t//(i?e2) < 
tAr(£e2) = Vp{X2), = tH(£e3) < tjv(£e3) = Wp(A), r = tH(£;(e2, 63)) < 
tAr(£(e2, 63)) = Wp(A) + i)p(A2), and s = t/i-(£;(ei, 63)) < tAr(£(ei, 63)) = 2vp{X) + l. 
So. for < Vp{X) < ^'^2~^ ^^'^ 27;p(A) 4- fp(A2) = r + s — 1, we have admissible 
filtered (0, A^)-modules. The corresponding representations are 

• non-split reducible with submodule i?(ei, 63) if Wp(A) — 



REGULAR FILTERED (0, W)-MODULES OF DIMENSION 3 



33 



• non-split reducible with submodules Ee2 and £'(62,63) if Vp{\) = ^^'^^^ 
and if s = r + 1, 

• non-split reducible with submodule Ee2 if Vp{X) = ^^2^^ and if s > r + 1, 
and 

• irreducible if ^ < Vp{X) < '''+^~^ . 

3.5.8. Assume that neither Li nor L2 arc 0- and iV-invariant, Li is not contained 
in any 0- and A^-invariant subspaces, and 62 G £2- Then 63 ^ L2 and, by ad- 
missibility, r = tH{Ee2) < tN{Ee2) = Vp{X2), = tHiEes) < tNiEe^) = Vp{X), 
r = tH(£(e2,63)) < tAr(£(62, 63)) = Vp{X) + Vp{X2) , and r = tH(£(ei, 63)) < 
tAr(£(ei, 63)) = 2vp{X) + 1. So, for < Wp(A) < ^ and 2vp{X) + VpiX2) - 
r + s — 1, we have admissible filtered (0, A^)-modulcs. The corresponding represen- 
tations are 

• non-split reducible with submodules E{ei, 63) and Ee^ if Vp{X) — and 
if r = 1, 

• non-split reducible with submodule E{ei, 63) if Vp{X) = ^-^^ and if r > 1, 

• non-split reducible with submodule Ee2 if Vp{X) = and 

• irreducible if < Vp{X) < 

3.5.9. Assume that neither Li nor L2 arc 0- and A^-invariant, Li is not contained 
in any 0- and A^-invariant subspaces, and 63 G £2- Then 62 ^ L2 and, by ad- 
missibility, = iH{Ee2) < tN{Ee2) = Vp{X2), r = tniEe^) < tAr(i?63) = Vp{X), 
r = t/f(i?(e2, 63)) < tAr(£;(62, 63)) = Vp{X) + Vp{X2), and r = tH(£'(ei, 63)) < 
tAr(£;(ei,63)) = 2vp(A) + l. So, for r < Vp{X) < i^pi, 2vp{X) + Vp{X2) = r + s - 1, 
and s > r -|- 1, we have admissible filtered (0, A^)-modules. The corresponding 
representations are 

• non-split reducible with submodules i?62, Ees, and £(62, 63) if s = r -I- 1, 

• non-split reducible with submodule Ee^ if Vp{X) ~ r and if s > r + 1, 

• non-split reducible with submodule £62 if VpiX) ~ ^^2^^ ^^^d if s > r -I- 1, 
and 

• irreducible if r < Vp{X) < ^^^2^^ and if s > r + 1. 

3.5.10. Assume that neither Li nor L2 are (jj- and A-invariant, Li is not con- 
tained in any ip- and A^- invariant subspaces, and 62,63 ^ L2- Then, by admis- 
sibility, = tHiEe2) < tN{Ee2) = Vp{X2), = iniEez) < tN{Ee^) = Vp{X)., 
r = t//(£;(62, 63)) < t7v(£(62, 63)) = Vp{X) +Vp{X2), and r = tH(£(ei, 63)) < 
tAr(£;(ei, 63)) = 2vp{X) + 1. So, for ^ < Vp{X) < i^±pi and 2vp{X) + Vp{X2) = 
r + s — 1, we have admissible filtered (0, A)-modules. The corresponding represen- 
tations are 

• non-split reducible with submodules Ee^ and E{ei, 63) if Vp{X) = and 
if r = 1, 

• non-split reducible with submodule E{ei, 63) if Vp{X) = and if r > 1, 

• non-split reducible with submodules Ee2 and £(62,63) if Vp{X) ~ ^~^2~^ 
and if s = r + 1, 

• non-split reducible with submodule £62 if Vp{X) = ^^2~^ ^^"-^ if s > r -f 1, 
and 

• irreducible if ^ < Vp{X) < 
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3.6. List of the isomorphism classes with rank = 1. In the previous subsec- 
tions, we found all of the admissible filtered {</>, iV)-modules of Hodge type (0, r, s) 
for < r < s with rankA^ = 1. In this subsection, we classify the isomorphism 
classes of the admissible filtered {(j), A^)-modules on D = E{ei, 62, 63). 
The following example arises from 3.1.3. 

Example 3.12. A filtered {(p, A^)-module of Hodge type (0, r, s) 

^rank7V=l = ^rank N=li^T 

• FiVD = E{ei + £63, 62) and Fil'D ^ E{ei + £,63). 

/ \ / pX \ 

• [iV] = and [(/)] = A for A in E. 

\100/ \00A/ 

• QeE, Vp{X) = ^^±f^, and s = 2r + 1. 

Proposition 3.13. (1) D^i^^-^-^^j^^-^ represents admissible filtered {(f), N)-'modules 
with rankA^ — 1. 

(2) The corresponding representations to £^rankAf=i '^^'^ decomposable with sub- 
modules Ec2 and i?(ei, 63). 

(3) Dl^^-^^j^^j^{X, £,) is isomorphic to Dl^^^j^^-^^{X' , £') if and only if X ~ X' and 
£ = £'. 

Proof. From 3.1.3, if we let Li = E{ei +063) and L2 = [ci +063, 62 + 663), then, by 
change of a basis: 61 1— )■ 61, 62 H> 62 — 663, and 63 1— > 63, we get D^^^^^j^^^. Notice 
that this change of a basis docs not change the matrix presentation of by Lemma 
3.2. So now the part (1) and (2) are immediate from 3.1.3. 

For the part (3), assume that T is an isomorphism from ^rankAr=i('^' ^'^ 
^]ankN=ii^' T^')- Clcarly, A = A', and, by Lemma 3.2, [T] is a lower triangle 
matrix such that Ti.i = T3^3 and T2.1 = T31 = 0. Since T preserves the filtration, 
[T] should be a diagonal matrix with Ti i = T3,3, which implies that £ = £'. The 
converse is clear. □ 

The following example arises from 3.1.4. 

Example 3.14. A filtered (0, A^)-module of Hodge type (0, r, s) 

-CrankJV=l = ^rankJV=l('^' [-^l ■ -^2]); 

• FiFD = E{ei + 62, £162 + £263) and Fil^D = E{ei + 62). 

/000\ /pAOO\ 

• [iV] = and [0] = A for A in E. 

VlOO/ \00A/ 

• [£i : £2] e P\E), Vp{X) = ii§^, and s > 2r + 1. 

Proposition 3.15. (1) -D^ankAf=i represents admissible filtered {4>,N) -modules 
with rankiV = 1. 

(2) The corresponding representations to £^rankJV=i '^'^^ 

• non-split reducible with submodule E{£,ie2 + £263) if s = 2r + 1 and 

• irreducible if s > 2r + 1- 

(3) D^ankN=ii^, [-Ci : ^2]) is isomorphic to £'rankiv=i(^'> [-^i : ^2]) */ and only 
ifX^X' and [£i : £2] = [£'1 : £3]. 

Proof. From 3.1.4, if we let Li = E{ei + 062 + 663) and L2 = £'(61 + 062 + 
&63, C62 + (ies) with a ^ and [c, d\ S P^(i?), then, by change of a basis: 61 ^ 61, 
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ae2 ^ 62 — 6e3, and 63 ^ 63, we get £'rankAr=i- Now the part (1) and (2) are 
immediate from 3.1.4. For the part (3), use the same argument as in Proposition 
3.13. □ 

The following example arises from 3.2.4. 

Example 3.16. A filtered (0, A^)-module of Hodge type (0, r, s) 

A^ankW=l = A^ankAr=l('^i -2); 

• Fir£» = £^(62, ei + £63) and Fil'D = Ee2. 

/ \ / p\ \ 

• [iV] = and [0] = A for A in E. 

VlOO/ \ 1 X J 

• 2eE, Vp{X) = ^^±1^, and s < 2r - 2. 

Proposition 3.17. (1) £'rankAf=i represents admissible filtered {(j), N)-'modules 
with rankA'^ = 1. 

(2) The corresponding representations to -Drank7V=i ^'^^ 

• non-split reducible with submodule E{e2,G^) if s = 2r — 2 and 

• irreducible if s < 2r ^ 2. 

(3) -Dj?ankJV=i('^' isomorphic to £'rankAf=i(-^'' -^0 ^f 0-rid only if X — X' and 
£ = £'. 

Proof. From 3.2.4 if we let Li = E{e2 + ae^) and L2 = E(e2 + 063, ei + 663), then, 
by change of a basis: ei 1— >■ ei, 62 62 — 063, and 63 63, we get £'rankjv=i- 
now the part (1) and (2) are immediate from 3.2.4. 

For the part (3), assume that T is an isomorphism from Z?j?ank Ar=i('^j •2) to 
Z)j?a„kAf=i('^'' -^O- Clearly, A = A', and, by lemma 3.4, [T] is a lower triangle matrix 
such that Ti l = T2.2 = J3.3 and r2.i = ?3.i = 0. Since T preserves the filtration, 
[T] should be a scalar multiple of the identity, which implies £ = £'. The converse 
is clear. □ 

The following example arises from 3.2.5. 

Example 3.18. A filtered {(p, A^)-module of Hodge type (0, r, s) 

^rank7V=l = ^rank W=l (^i -2) 5 

• FiVD = E{ei + £63, 62) and Fil'D = E{ei + £63). 

/000\ /pAOO\ 

• [A^] = and [0] = A for A in 

VlOO/ \ 1 \ J 

• £,eE, Vp{X) = iipi, and s < 2r + 1. 

Proposition 3.19. (1) -Draiiijjv=i represents admissible filtered {(f), N) -modules 
with rankA^ = 1. 

(2) The corresponding representations to -DrankJV=i '^'^^ 

• non-split reducible with submodule E{ci,C3) if s = 2?' + 1 and 

• irreducible if s < 2r + 1. 

(3) -D^ankAf=i('^' isomorphic to Df^^^^j^^^{X' , £') if and only if X = A' and 
£ = £'. 

Proof. From 3.2.5, if we let Li = E(ei + 063) and L2 = E{ei + 063, 62 + 663), then, 
by change of a basis: ei i~> 61, 62 ^ 62 — 663, and 63 H> 63, we get -D^ankAf=i- 
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now the part (1) and (2) are immediate from 3.2.5. For the part (3), use the same 
argument as in Proposition 3.17. □ 

The following example arises from 3.2.6. 

Example 3.20. A filtered (0, A^)-module of Hodge type (0, r, s) 

^rank7V=l = ^rank 7V=1 5 

• FiFD = E{ei + £62, 63) and Fil'D = E{ei + £62). 

\ 

AO for A in E. 
J ' ' V 1 A / 
Vp{X) = i^ipi, and s > 2r + 1. 

Proposition 3.21. (1) -DrankAf=i represents admissible filtered {(j),N) -modules 
with rankA^ — 1. 











(• 





j and [(j)] = ( 










(2) The corresponding representations to _Dj?, 



rank A''=l 



are 



• non-split reducible with submodule Ec^ i/ s = 2r + 1 and 

• irreducible if s > 2r + I. 

i"^) -^rankJV=i('^' isomorphic to £'rankAf=i('^'' -^0 ^f '^rid Only if \ = A' and 
£ = £'. 

Proof. From 3.2.6, if we let Li ~ E{ei + 062 + 663) with a ^ and L2 = E{ei + 
ae2 + ^63, 63), then, by change of a basis: ci 1— > ei, 62 1— > 62 — ^63, and 63 ^ 63, we 

get ^fankjv=i- '^'^^ ^^^^ P^^'^ (1) ^^'^ (2) ^^'"^ immediate from 3.2.6. For the part 
(3), use the same argument as in Proposition 3.17. □ 

The following example arises from 3.2.7. 

Example 3.22. A filtered ((/), A^)-module of Hodge type (0, r, s) 

• FiFD = £'(61 + £162, 62 + £263) and Fil'D = £'(61 + £162). 










(• 





\ and [0] = 1^ 










[A^] = and [0] = AO for A in E. 




• £1 G S"", £2 e £, and Vp{\) ^ 

Proposition 3.23. (1) £'rankAf=i represents admissible filtered ((j),N) -modules 
with rankA^ = 1. 

(2) The corresponding representations to -Drank7V=i '^'^^ irreducible. 

(3) ^rankAf=i(^'-2i'-^2) is isomorphic to £'rankAr=i(^''-2i,-22) if and only if 
A ^ \', £1 = £i, and £2 = £3. 

Proof. From 3.2.7, if we let Li = E{ei + 062 + 663) with a 7^ and L2 = E{ei + 
ae2 + 6e3, 62 + 063), then, by change of a basis: 61 n- ei, 62 i-> 62 — ^63, and 63 n- 63, 
we get -Drank 7V=i- ^'^ ^^'^ Y'^rl (1) and (2) are immediate from 3.2.7. For the 
part (3), use the same argument as in Proposition 3.17. □ 

The following example arises from 3.3.4. 

Example 3.24. A filtered (0, A^)-module of Hodge type (0, r, s) 

^rank7V=l ~ -^Jank Ar=l (^i -2) ; 

• FifD = E{ei + £63, 62) and Fil'D = £(61 + £63). 
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(• 





\ and [(/)] = 1^ 











• £ e Vp{X) = and s = 2r - I. 

Proposition 3.25. (1) -Dj^^j^j, jy^j^ represents admissible filtered {(f), N) -modules 
with rankA'^ = 1. 

(2) The corresponding representations to ^JankAf=i '^'"^ decomposable with sub- 
modules Ee2 and E{ei,e^). 

(3) ^JankJV=i('^' isomorphic to £'JankJV=i('^'' -^0 if o.'i^d only if \ = A' and 
£ = £'. 

Proof. From 3.3.4, if we let Li = E{ei + ae-i + 663) and L2 = E{ei + ae2 + 663, 62), 
then, by change of a basis: ei 1— > ei — 062, 62 62, and 63 M- 63, we get £'Jank7V=i- 
So now the part (1) and (2) are immediate from 3.3.4. 

For the part (3), assmne that T is an isomorphism from Z?Jank Ar=i('^7 •2) to 
-Oja„kAr=i(A'>'2')- Clearly, A = A', and, by lemma 3.6, [T] is a lower triangle matrix 
such that Ti^i = T3^3 and T^^i = T3_2 = 0. Since T preserves the filtration, [T] 
should be a diagonal matrix with Ti.i = T3.3; which implies £ = The converse 
is clear. □ 

The following example arises from 3.3.5. 

Example 3.26. A filtered ((/), A^)-modulc of Hodge type (0, r, s) 

-OrankJV=l ^ -^rank W=l (-^i [-^1 ' -^2]); 

• FifD = E{ei, 62 + 63) and ¥iY D = £'(£161 + £2(62 + 63)) 










(• 





1 and [0] = ( 











• [TV] = and [0] = pA for A in E. 
VlOO/ \0 0A/ 

• [£i : £2] e f^{,E), Vp{X) ^ iif^, and s<2r- 1. 

Proposition 3.27. (1) £'faiikAf=i represents admissible filtered {4>,N) -modules 
with rankiV = 1. 

(2) The corresponding representations to D^ankN=i '^^^ 

• non-split reducible with submodule £'(£iCi +£202, C3) if s = 2r — \ and 

• irreducible if s < 2r ~ \ . 

(3) ^ra„kJV=i(A, I-Ci : £2]) *s isomorphic to i?LkiV=i(A', [£; : £'2]) if and only 
ifX^X' and [£i : £2] = [£'1 : £y. 

Proof. From 3.3.5, wc may let either Li = E{ei+ae2 + be3) or Li = E{e2+ce^) with 
c 7^ 0. If Li = E{ei + 062 + 663), then we may let L2 = E{ei + 062 + ^63, 62 + ^63) 
with d ^ and so, by change of a basis: ei ^ ei + {b—ad)e2, 62 1— >■ de2, and 63 1— >■ 63, 
we get -DfankAr=i for [■^i : ^2] 7^ [0 : 1]. If Li = E{e2 + ces) with c 7^ 0, then we 
may let L2 = E{e2 + 063, ei + 763), and so, by change of a basis: ei H- 61 + /e2, 
62 ce2, and 63 1— >• 63, we get the other part of -D^ankAr=i- now the part (1) 
and (2) are immediate from 3.3.5. For the part (3), use the same argument as in 
Proposition 3.25 □ 

The following example arises from 3.4.4. 

Example 3.28. A filtered ((/>, A^)-modulc of Hodge type (0, r, s) 

A^ankW=l = E>fiin]iN=li^T 
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• FiVD = E{e2 + £,63, ei) and Fil'D = E{e2 + £63). 

/000\ /pAOO\ 

• [iV] = and [0] 1 pA for A in E. 

VlOO/ \ \ J 

• £ e £;^, Vp{X) = i^±f^, and s < 2r - 1. 

Proposition 3.29. (1) £'raiikAf=i f^presents admissible filtered {(j),N) -modules 
with rankA^ = 1. 

(2) The corresponding representations to -D|'ankJV=i '^'^^ 

• non-split reducible with submodule £'(02,03) if s = 2r — 1 and 

• irreducible if s < 2r — 1. 

(3) -Drank Af=i ('^i isomorphic to -Dj^ankAf=i(^'' •^O */ 07i/j/ i/ A = A' and 
£ = £'. 

Proof. From 3.4.4, if wo lot Li ~ E{e2 + ae^) witlr a ^ and L2 = E{e2 + aes, ci + 
663), then, by change of a basis: ei 1-^ ei + ^62, 62 62, and 63 63, wo get 
-^rankAf=i- ^^"^ P^^^ i^) ^'^^ (2) ^""^ immodiato from 3.4.4. 

For the part (3), assume that T is an isomorphism from Z?^ankAf=i('^i 
-^rankAr=i('^'' •^')- Thcn A = A' and, by Lemma 3.8, [T] is a lower triangle matrix 
with Ti l = T2_2 = £3,3 and T^^i = = 13.2. Since T preserves the filtration, it 
should be a scalar multiple of the identity, which implies that £ = £'. The converse 
is trivial. □ 

The following example arises from 3.4.5. 

Example 3.30. A filtered ((/), A^)-modulo of Hodge type (0, r, s) 

• FifD = E{ei + £63, 62) and Fil'D = E{ei + £,63). 

/000\ /pAOO\ 

• [iV] = and [0] = 1 pA for A in E. 

VlOO/ \ \ J 

• £eE, Vp{X) = ^^±f^, and s > 2r - 1. 

Proposition 3.31. (1) -D;^ankAf=i represents admissible filtered {4>,N) -modules 
with rankA'^ = 1. 

(2) The corresponding representations to Dl2nkN=i '^'"^ 

• non-split reducible with submodule Ee2 if s ^ 2r — 1 and 

• irreducible if s > 2r — 1. 

(3) -D^ankJV=i('^' isomorphic to -D^ankAf=i(-^'' -^0 '/'"^'^ only if X ~ A' and 
£ = £'. 

Proof. From 3.4.5, if we let Li ~ E{ei +ae2 + 663) and L2 = E{ei + ae2 + ^63, 62), 
then, by change of a basis: ei ei — ae2, 62 62, and 63 1— > 63, we get £';^ank7V=i- 
So now the part (1) and (2) are immodiato from 3.4.5. For the part (3), use the 
same argument as in Proposition 3.29. □ 

The following example arises from 3.4.6. 

Example 3.32. A filtered ((/), A^)-modulo of Hodge type (0, r, s) 

^rank7V=l = ^rank W=l (-^i 5 

• FifD E{ei, 63) and FifD = E{ei + £63). 
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/000\ /pAOO\ 

• [iV] = and = 1 p\ for A in E. 

VlOO/ \ \ J 

• £ e Vp{X) = ^^±1^, and s > 2r + 2. 

Proposition 3.33. (1) £'rankAf=i represents admissible filtered {(p^N) -modules 
with rankA^ = 1. 

(2) The corresponding representations to ^rani;Ar=i "^^^ 

• non-split reducible with submodule Ee^ if s ^ 2r + 2 and 

• irreducible if s > 2r + 2. 

(3) ^rankJV=i('^' isomorphic to £'rankAf=i('^'' -^0 */ '"^'^ Only if \ = A' and 
£ = £'. 

Proof. From 3.4.6, if we let Li = E{ei + ae2 + 663) and L2 = i?(ei + ae2 + ^63, 63), 
then, by change of a basis: ei i—> ei — 062, £2 H> 62, and 63 H> 63, we get -Dj^^j^j^^^-^. 
So now the part (1) and (2) immediate from 3.4.6. For the part (3), use the same 
argument as in Proposition 3.29. □ 

The foUowing example arises from 3.4.7. 

Example 3.34. A filtered ((/), A^)-modulc of Hodge type (0, r, s) 

^rankW=l " -D^f^j^ jy=1 (-^i -^1 1 -^2 ) ; 

• FiFD = E{ei + £163, 62 + £263) and Fil*D = E{ei + £163). 

/000\ /pAOO\ 

• [A^] = and [0] 1 pA for A in E. 

VlOO/ VoOA/ 

• £1 e £2 e and Up(A) = iif^. 

Proposition 3.35. (1) £'rankAf=i represents admissible filtered ((f>,N) -modules 
with rankA'^ = 1. 

(2) The corresponding representations to D^^^^j^^^ are irreducible. 

(3) -Dra'„k7V=i(A, £1,-22) tsomorphtc to i?^a"nkiV=i(^'>'C'i,£'2) and only if 
A = A', £1 = £'1, anrf £2 £'2. 

Proof. From 3.4.7, if we let Li = £'(61+062+663) and L2 = £'(61+062+663, 62+C63) 
with c ^ 0, then, by change of a basis: 61 61 — 062, 62 1— > 62, and 63 1— >^ 63, we 
get £'rank7V=i- ^'^^ pait (1) and (2) are immediate from 3.4.7. For the part 
(3), use the same argument as in Proposition 3.29. □ 

The following example arises from 3.5.2. 
Example 3.36. A filtered (0, A^)-module of Hodge type (0, r, s) 

• Fir£> = £(62, 61 + £63) and Fil'D = £62. 

/000\ /pAOO\ 

• [A^] = and [0] = Aa for A 7^ A2 7^ pA in £. 

VlOO/ \0 0A/ 

• £ £ £, Vp{X) = and Vp{\2) = s. 

Proposition 3.37. (1) £'rf,ikAf=i represents admissible filtered {(f), N)-modules 
with rankA^ ~ 1. 
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(2) The corresponding representations to -Dj^ankAr=i '^'"^ decomposable with sub- 
modules Ee2 and E(ei,e3); moreover, Ees and £^(62,63) are submodules as 
well if r = 1. 

(3) -Drank jv=i(^' ^2,-2) isomorphic to Dl^^^y.^^-^^{X' , X'^, £') if and only if X = 
A', A2 = A'2, and £ = £'. 

Proof. From 3.5.2, if we let Li = Ee2 and L2 = E{e2, ei + 063), then we get 
^la.nkN=i- '^'-'^ ^^'^ "pSiTi (1) and (2) are immediate from 3.5.2. 

For the part (3), assume that T is an isomorphism from ^rankAf=i(-^' ^^2, £) to 
-Dra„kw=i(^''^2:^)- Then A = A', A2 = A^, and, by Lemma 3.10, [T] is a diagonal 
matrix with Ti^i = T3_3. Sinee T preserves the filtration, it should be a scalar 
multiple of the identity, which implies that £ = £'. The converse is trivial. □ 

The following example arises from 3.5.4. 

Example 3.38. A filtered ((/), A^)-module of Hodge type (0, r, s) 

-OraiikAr=l " -^rank Af=l (-^i ^^2, £); 

• Firi? = E{ei, eg) and Fil^L* = E{ei + £63). 

/000\ /pAOO\ 

• [A^] = and [0] = Aa for A 7^ A2 7^ pA in E. 

VlOO/ VoOA/ 

• 2.eE, Vj,{X) = iif^, and Wp(A2) = 0. 

Proposition 3.39. (1) £'rankAf=i represents admissible filtered {(p^N) -modules 
with rankA^ = 1. 

(2) The corresponding representations to £^rankAf=i '^^'^ decomposable with sub- 
modules Eq2 and E{ei,e3) ; moreover, Ee^ and £{62,63) are submodules as 
well z/ s = r + 1 . 

(3) -D;^ankAr=i(-^' ^2,£) is isomorphic to Dl^^^^^^^-^{X' , X2, £') if and only if X = 
A', A2 = A'2, and £ = £'. 

Proof. From 3.5.4, if we let Li = E{ei + 063) and L2 ~ E{ei, 63), then we get 
^ltnkN=i- '^'^^ ^^'^ y>^t:1 (1) and (2) are immediate from 3.5.4. For the part (3), 
use the same argument in Proposition 3.37. □ 

The following example arises from 3.5.5. 

Example 3.40. A filtered ((/), A^)-module of Hodge type (0, r, s) 

^TankN=l ~ -^rank JV=1 (-^i ^^2 , £) ; 

• Firi? = E{e2 + 63, ei + £63) and Fil'D = £'(62 + 63). 

/000\ /pAOO\ 

• [A^] = and [0] = A2 for A 7^ A2 7^ pA in E. 

VlOO/ \0 0A/ 

• £££;, ^ < Vp{X) < r - 1, and 2wp(A) + i;p(A2) = r + s - 1. 

Proposition 3.41. (1) £'raiikAf=i represents admissible filtered {(f>, N)-modules 
with rankAf = 1. 
(2) The corresponding representations to -Drank7v=i '^'^^ 

• non-split reducible with submodules Ec^, £{02,63), and £^(61,63) if 
r = 1, 

• non-split reducible with submodule E{ci,C3) if Vp{X) = and r > 1, 
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• non-split reducible with suhmodule E{e2,es,) ifvp{X) = r — 1 andr > 1, 
and 

• irreducible if < Vp{X) < r — 1 and r > 1. 

(3) ^rankjv=i(^' ^2, £) is isomorphic to i^rfnkjv=i('^'' ^2:^') if and only if X = 
A', A2 = A'2, and£, = £'. 

Proof. From 3.5.5, if we let Li ~ E{e2 + aea) and L2 = E{e2 + 063,61 + be^) 
with a ^ 0, then, by change of a basis: 61 1— t- 61, 62 1— > 062, and 63 t-^ 63, we get 
^rankAf=i- '^'^^ ^^6 part (1) and (2) are immediate from 3.5.5. For the part (3), 
use the same argument in Proposition 3.37. □ 

The following example arises from 3.5.6. 

Example 3.42. A filtered (0, A^)-module of Hodge type (0, r, s) 

-OrankA'=l ~ ^rank Af=l (-^i ^2 , -2) ; 

• FiVD = E{ei + £63, 62) and Fil^Z? = E{ei + £63). 

/000\ /pAOO\ 

• [A^] = and [0] = A2 for A 7^ A2 7^ pA in E. 

VlOO/ \0 0A/ 

• 2 e E, Vp{X) ~ and Wp(A2) = r. 

Proposition 3.43. (1) £'rfiikAf=i represents admissible filtered {(p^N) -modules 
with rankiV = 1. 

(2) The corresponding representations to £^rankJV=i '^^'^ decomposable with sub- 
modules Ec2 and E (01,03). 

(3) Dl^nkN=ii^^^2,2) is isomorphic to Dl^^^^^^^{X' , X2, 2') if and only if X ^ 
X\ A2 = A'2, and £ = £'. 

Proof. From 3.5.6, if we let Li = E{ei + 063) and L2 = E{e\ + aes, 62), then we 
get -Drank 7V=i- ^^w the part (1) and (2) are immediate from 3.5.6. For the part 
(3), use the same argument in Proposition 3.37. □ 

The following example arises from 3.5.7. 

Example 3.44. A filtered (0, A^)-module of Hodge type (0, r, s) 

D'rJnkAf=l = -^r Jnk JV=1 (-^i -^2 , -2) ; 

• FirZ? = E{ei + £63, 62 + 63) and Fil'D = E{ei + £63). 

/000\ /pAOO\ 

• [A^] = and [0] = A2 for A 7^ A2 7^ pA in E. 

VlOO/ VoOA/ 

• ZeE,^< Vp{X) < ^ipi, and 2wp(A) + Vp{X2) = r + s - 1. 

Proposition 3.45. (1) Dlli-^\^j^^i represents admissible filtered {(f), N) -modules 
with rankA^ = 1. 
(2) The corresponding representations to -C'^JnkAr=i ^'^^ 

• non-split reducible with submodules E{ei,e3) if Vp{X) = ^-^'j 

• non-split reducible with submodule E02 and E{o2,03) if Vp{X) = ^^2^^ 
and s = r + 1, 

• non-split reducible with submodule E02 ifvp{X) ~ ^^2^^ o,rid s > r + 1, 
and 

• irreducible if < Vp{X) < ^'^2^^ . 
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(3) A^Inkw=i(-^' '^2,£) is isomorphic to Dll^^jy^-^{X' , X'2, il') if and only if X = 
X', A2 = A'2, and £ = £'. 

Proof. From 3.5.7, if we let Li = E{ei + ae^) and L2 ~ E{ei + ae^, 62 + be^) with 
b 0, then, by change of a basis: ei H- ei, 62 1— >■ be2, and 63 H- 63, we get Dll^^^^^^. 
So now the part (1) and (2) are immediate from 3.5.7. For the part (3), use the 
same argument as in Proposition 3.37. □ 

The foUowing example arises from 3.5.8. 
Example 3.46. A filtered (cj), A^)-modulc of Hodge type (0, r, s) 

^rankAf=l = -^rank Af=l (-^i -^2 , -2) ; 

• FiVD = E{ei + £63, ea) and Fil^L> = E{ei + 62+ £63). 

/000\ /pAOO\ 

• [A^] = and [0] = A2 for A 7^ A2 7^ pA in E. 

VlOO/ \0 0A/ 

• S.eE,^< Vp{X) < and 2vp{X) + Vp{X2) = r + s-l. 

Proposition 3.47. (1) D^^^^y.j^^^ represents admissible filtered ((f>,N) -modules 
with rankiV = 1. 

(2) The corresponding representations to £^rankAr=i ^'^^ 

• non-split reducible with submodules Ec^ and E{ci,C3) if Vp{X) = 
and r = 1, 

• non-split reducible with submodule i?(ei,C3) if Vp{X) = ^--^ and r > \, 

• non-split reducible with submodule Ee2 if Vp{X) = and 

• irreducible if "^-^ < Vp{X) < 

(3) ■DrfnkJV=i(-^''^2,i^) is isomorphic to Dl^^^^J^^-^{X' , X2, il') if and only if X = 
X', X2 = A'2, and £ = £'. 

Proof. From 3.5.8, if wc let Li = E{ei + ae2 + be^) and L2 = E{ei + ae2 + 663, 62) 
with a ^ 0, then, by change of a basis: ei 1— > ei, 62 1— )■ -62, and 63 63, we get 
^rankAf=i- now the part (1) and (2) are immediate from 3.5.8. For the part (3), 
use the same argument as in Proposition 3.37. □ 

The following example arises from 3.5.9. 
Example 3.48. A filtered {(/), A^)-module of Hodge type (0, r, s) 

-^rankAf=l " ^rank JV=1 (-^i ^^2 , -2) ; 

• FirZ? = E{ei + 62, 63) and Fil'D = E{ei + 62 + £63). 

/000\ /pAOO\ 

• [A^] = and [0] A2 for A ^ A2 7^ pA in E. 

VlOO/ \ \ J 

• £e E,r < Vp{X) < ^^±§^, 2wp(A) + Wp(A2) = r + s - 1, and s > r + 1. 

Proposition 3.49. (1) D^^^^^j^^^ represents admissible filtered {(f), N)-modules 
with rankA^ = 1. 
(2) The corresponding representations to i?rfnkAr=i "'^^ 

• non-split reducible with submodules Ee2, Ee^, and E{e2,e3) if s = 
r + 1, 

• non-split reducible with submodule Ecs if Vp{X) ~ r and s > r + 1, 
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• non-split reducible with submodule Ee2 if Vp[X) = ^'^2^^ and s > r+1, 
and 

• irreducible if r < Vp{X) < ^~^2~^ ^''^'^ s > r + 1. 

(3) ^rfnk7V=i('^''*^2,£) is isomorphic to Dl^^^^^^-^{X' , X'2, £') if and only if X = 
A', A2 = X'2, and £ = 

Proof. From 3.5.9, if we let Li = E{ei + ae2 + fees) and L2 = E{ei + ae2 + be^, 63) 
with a 0, then, by change of a basis: ci 1—^ ei, 62 1—^ ^62, and 63 1— J- 63, we get 
-^rankAr=i- P^^^ (1) ^'^'i (2) ^le immediate from 3.5.9. For the part (3), 

use the same argument as in Proposition 3.37. □ 

The following example arises from 3.5.10. 

Example 3.50. A filtered {(p, A^)-modulc of Hodge type (0, r, s) 

• FiVD = E{ei + 62 + £163, 62 + £263) and Fil'D = E{ei + 62 + £163). 

/000\ /pAOO\ 

• [iV] = and [0] A2 for A 7^ A2 7^ pA in E. 

\ 1 J \ \ J 

• £1 e £2 e £;^, ^ < Vp{X) < ^^4^, and 2vp{X) + Vp{X2) = r + s-l. 

Proposition 3.51. (1) £'rankAf=i represents admissible filtered {(jj^N) -modules 
with rank = 1 . 

(2) The corresponding representations to i?rank7V=i '^'"^ 

• non-split reducible with submodules Ee^ and i?(ei,e3) if Vp[X) ~ 
and r = 1, 

• non-split reducible with submodule E{ei,e^) ifvp{X) = and r > 1, 

• non-split reducible with submodule Ec2 and £'(e2,e3) ifvp(X) — ^'^2~^ 
and s = r + 1, 

• non-split reducible with submodule Ec2 if Vp{X) = ^^2^^ and s > r+1, 
and 

• irreducible if < Vp{X) < ^-^^f— 

(3) ^rl°nkJV=i(A,A2,£i,£2) IS isomorphic to i??°nkAr=i(A',A^,£i,£y if and 
only i/ A = A', A2 = A'2, £1 = £'1, and £2 = £^. 

Proof. From 3.5.10, if we let Li = E{ei + a62 + 663) and L2 ~ E{ei+ae2 + be3, 62 + 
063) with ca ^ then, by change of a basis: ei 1-^ ci, 62 i~> ^62, and 63 i-^> 63, we 
get D^^nkN=i- now the part (1) and (2) are immediate from 3.5.10. For the 
part (3), use the same argument as in Proposition 3.37. □ 

Proposition 3.52. Every semi-stable representation of Gq^ with regular Hodge- 
Tate weights and with rankiV ~ I is isomorphic to a representation corresponding 
to some ^iankAf=i ^f' twist by a power of the cyclotomic character. 

Proof. We found all the admissible filtered (</), 7V)-modules with rank TV = 1 in the 
previous subsections. Since the list of filtered modules in this subsection represents 
all of the modules in the previous subsections, we are done. □ 

Proposition 3.53. Leti,j £ {1, 2, 20}. If Dl^^^^^^^ is isomorphic to D^^^^^^^, 
then i = j . 
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Proof. Since an isomorphism preserves the Jordan forms of the Frobenius map, if 
-^rankAr=i isomorphic to -0^^^^^^.^^^^, then both i and j belong to either {1,2}, 
[3,6], {7,8}, [9,12], or [13,20]. 

-^rankAf=i ^^^^ isomorphic to ^i^ankAr=i' since any invertible Unear map of the 
form in Lemma 3.2 can not preserve Fil*Z3. Likewise, Dj^^^j^^^ is not isomorphic 

^rankAf=i' since any invertible linear map of the form in Lemma 3.6 can not 
preserve the filtration. 

Let i ^ j ^ [3,6]. Then -DJank7V=i i^o* isomorphic to £';!ankAf=i' since any 
invertible linear map of the form in Lemma 3.4 can not preserve the filtration. 
Likewise, for any i j G [9,12], £'JankAf=i not isomorphic to -D:^ankAr=i' since 
any invertible linear map of the form in Lemma 3.8 can not preserve the filtration. 

Let i ^ j € [13, 20]. By the same argmnent, any invertible linear map of the form 
in Lemma 3.10 can not preserve the filtration of i'Jank Ar=i to the one of ^rankAr=i- 
Hence, if i ^ j there are no isomorphism between -DjankAf=i ^^'^ ^rankiv=i- '-' 



4. Admissible filtered (0, A^)-modules with rankA^ = 2 

In this section, we classify the admissible filtered (</>, A)-modules of Hodge type 
(0, r, s) for < r < s and with the monodromy operator TV of rank 2. We follow 
exactly the same argument in the previous section. Assume first that N has rank 
2. By choice of a basis for D = i?(ei, 62, 63), we may set 

Aei = 62, Ae2 = 63, and Nej = 0. 
From the equation N(j> = p4>N, we should have that 

(jyei = p'^xei +pye2 + ze^, (j)e2 = pxe2 + yes, and ^63 = xes, 
for some y, z, and x ^ 0. By change of a basis, we can say a bit more. 
Lemma 4.1. There is an invertible matrix P such that 

P[N]P-^ = [A] and P[0]P"^ = ( "0" px 

( « I " \ 

Proof. Use the matrix P = jc(i-p) ^ " . □ 

\ py +zx(l — p) y . j 

\ =:^(l-p)(l-p^) »:(1-P) / 

In this section, we assume 
By admissibility, we have 

^ — ^ — ■ 

Lemma 4.2. For a 3 x 3-matrix P = (P^.-j), P[4)] = [(f>]P and P[N] = [N]P if and 
only if P is a sealar multiple of the identity. 

Proof. The equation P[N] = [N]P forces that P be a lower triangle matrix with 
Pi,i = P2,2 = P3,3 and with P2,i = P3,2. Then P[(f>] = [(j>]P forces that P be a 
scalar multiple of the identity. □ 
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4.1. The only case of rankA^ = 2. In this subsection, we coUect the admissible 
filtered {(f>, iV)-modulcs with rank = 2. 

Lemma 4.3. Ee^, and £'(62,63) are the only nontrivial proper (j)- and N -invariant 
subspaces. 

Proof. By Lemma 2.10, we know that the only nontrivial proper (/)-invariant sub- 
spaces of D are Eei, Ee2, Ee^, E{ei, 62), E{e2, £3), and E{ei, 63). Now it is easy 
to check which ones are A'^-invariant among these subspaces. □ 

We start to collect the admissible filtered (0, A^)-modulcs in this case. 

4.1.1. Assume that Li = Ee^. Then, by admissibility, we have s = tniEe^) < 
tN{Ees) ~ Vp{\), which contradicts to Vp{X) = ■ 

4.1.2. Assume that L2 = E{e2, 63). Then, by admissibility, we have r + s = 
t/f (£(62, 63)) < tjv(£'(e2, 63)) — 2vp{X) + 1, which also contradicts to Vp{X) — 

r+s—3 



4.1.3. Assume that neither Li nor L2 are (f>- and A^-invariant and Li C E{e2, 63). 
Then £3 ^ L2 and, by admissibility, = t^f(_Ee3) < iN^Ee^) = Vp{X) and s = 
t/f (£(e2, £3)) < tN{E{e2, 63)) = 2vp{\) + 1. Hence, there exist admissible filtered 
(0, A'^)-modulcs if and only if s < 2r — 3. The corresponding representations are 

• non-split reducible with submodule E{e2, 63) if s = 2r — 3, and 

• irreducible if s < 2r — 3. 

4.1.4. Assume that neither Li nor L2 are (f>- and A^-invariant and 63 G L2. Then 
Li ^ E{e2, 63) and, by admissibility, r = tHiEe^) < tN{Ee3) = Vp{X) and r = 
t^f(i?(e2, 63)) < tAr(£'(e2, 63)) = 2vp(X) + 1. Hence, there exist admissible filtered 
(0, A^)-modulcs if and only if s > 2r -f 3. The corresponding representations are 

• non-split reducible with submodule Ee^ if s = 2r -I- 3, and 

• irreducible if s > 2r + 3. 

4.1.5. Assume that neither Li nor L2 are (p- and A"- invariant, Li <f_ £(62,63), 
and 63 ^ £2- Then, by admissibility, = t//(£'e3) < if^iEe^) ~ Vp{X) and r = 
tjy(£(e2, 63)) < tjv(£'(e2, 63)) = 2vp{X) + 1. Hence, there exist admissible filtered 
{(j), A'^)-modules if and only if 2s > r + 3. The corresponding representations are 

• non-split reducible with submodulcs £63 and £(62, 63) if 2s = r + 3, or 
equivalently, if r = 1 and s = 2, and 

• irreducible if 2s > r + 3, or equivalently, if s > 2. 

4.2. List of the isomorphism classes with rankA^ = 2. In the previous subsec- 
tion, we found all of the admissible filtered (0, A^)-modulcs of Hodge type (0, r, s) 
for < r < s with rankA^ = 2. In this subsection, we classify the isomorphism 
classes of the admissible filtered (0, A^)-modules on D = E{ei, 62, 63). 
The following example arises from 4.1.3. 

Example 4.4. A filtered (0, A^)-module of Hodge type (0, r, s) 



3 
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• £i,£2 G E, Vp{X) = iif^, and s < 2r - 3. 

Proposition 4.5. (1) £^rankA'=2 represents admissible filtered {(f),N) -modules 
with rankiV = 2. 

(2) The corresponding representations to ^rank7V=2 ^'^^ 

• non-split reducible with submodule £'(62,63) if s — 2r — i and 

• irreducible if s < 2r — 3. 

(3) ■DrankAf=2(^'-^l'-^2) isOmOrphic to -DrankA'=2('^'''2i;-22) «/ OTl/?/ l/ 

A = A', £1 = £'1, flTid £2 = £^. 

Proof. The part (1) and (2) are immediate from 4.1.3. For the part (3), assume that 

T is an isomorphism from D]^^^^j^^2{^^ ^'i) to ^rankA'=2('^'' -^i' ■^i)- Clearly, 
A = A', and wc know that T is a scalar multiple of the identity by lemma 4.2. 
Since T preserves the filtration, it is easy to check that £1 — Z'l and £2 = £2- The 
converse is clear. □ 

The following example arises from 4.1.4. 

Example 4.6. A filtered (0, A^)-module of Hodge type (0, r, s) 

^riinkN=2 ^ -^rank W=2 (-^i -^1 ' -^2) ; 

• FiVD = E{ei + £162 + £263, 63) and Fil'D = E{ei + £162 + £263). 

/000\ /p^AOO\ 

• [TV] = 1 and [(/)] = pA for A in E. 

VolO/ \ OA/ 

• £i,£2 e E, Vp{X) = ^i§^, and s > 2r + 3. 

Proposition 4.7. (1) £^rankw=2 represents admissible filtered {(j), N)-modules 
with rank TV = 2. 

(2) The corresponding representations to £^rankAf=2 ^'"^ 

• non-split reducible with submodule Ee^ if s = 2r + i and 

• irreducible if s > 2r + i. 

(3) ^rank7V=2(-^:-^i>-^2) isomorphic to D'^^^^j^^2{X',£[,£'2) */ and only if 
A = A', £1 = £'1, and £2 = £3. 

Proof. The part (1) and (2) are immediate from 4.1.4. For the part (3), use the 
same argument as in Proposition 4.5. □ 

The following example arises from 4.1.5. 

Example 4.8. A filtered (0, TV)-module of Hodge type (0, r, s) 

^rank N=2 = ^rank N=2 (-^i -^1 , £2 , £3 ) ; 

• FifD = £;(ei + £162 + £263, 62 + £363) and Fil" D = £;(ei + £162 + £263). 

/000\ /p^AOOX 

• [TV] = 1 and [0] = pA for A in E. 

VolO/ \ OA/ 

. £i,£2,£3e£and«p(A) = 2if^. 

Proposition 4.9. (1) £'rankAr=2 represents admissible filtered ((j), N)-modules 
with rank TV — 2. 
(2) The corresponding representations to -Dfank7V=2 are 

• non-split reducible with submodules Ees and £(62,63) if s = 2 and 

• irreducible if s > 2. 
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(3) ^?a„kw=2(A,£i,£2,£3) isomorphic to D^^^^^^^^{X' , £'3) if and 

only ifX^ \', £1 = £'1, £2 £2, and £3 = £i. 

Proof. The part (1) and (2) arc immediate from 4.1.5. For the part (3), use the 
same argument as in Proposition 4.5. □ 

Remark 4.10. According to D]^^^^^^, ^?ankiv=2' and £'fankAf=2. there are no 
irreducible admissible filtered (0, iV)- modules of Hodge-Tate weights (0,1,2) and 
with rankA^ ~ 2. But this is not a surprising result. For the 2-dimensional case, 
there are no irreducible, semi-stable, non-crystalline representations of Gq^, with 
Hodge-Tate weights (0, 1). 

Proposition 4.11. Let i,j e {1,2,3}. If D^^^^^j^^^ is isomorphic to D^^^^^^^, 
then i = j ■ 

Proof -Drank Ar=2 not isomorphic to £'^ankw=2' since D^^^^^^^ is defined for 
s < 2r — 4 and ^rankAr=2 s > 2r + 4. For the other pairs, assume that T is an 
isomorphism from £'rank7V=2 DinnkN=2- ^'^^ each k, we let ipk be the Frobenius 
map for -Dj':ankw=2- Then obviously (/){ — (pj. By Lemma 4.2, we know that T is a 
scalar multiple of the identity. However, for each pair (i, j) with i ^ j, it is easy to 
check that any scalar multiple of the identity can not preserve the filtration. □ 

Proposition 4.12. Every 3-dimensional semi-stable representation of Gq^ with 
regular Hodge-Tate weights and with raiikN = 2 is isomorphic to a representation 
corresponding to some i^rankAf=2 ''^P ^'^ twist by a power of the cyclotomic character. 

Proof. We found all the admissible filtered (0, A^)-modules with rank = 2 in the 
previous subsection. Since the list of filtered modules in this subsection represents 
all of the modules in the previous subsection, we are done. □ 
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